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What is modelling

A modelling is a human artifact, made to be isomorphic to some
“real” (empirical)(application)(informal)(problem) domain, to be
used for study of that domain.

Figure : A scale model of the Indianapolis international airport

I the domain: the real building

I isomorphic: same physical shape
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The domain: the empirical, application, problem, informal domain

I the empirical domain as it is called in empirical science, to
stress that it can be observed, measured, sensed;

I the application domain, in which we build the applications;

I the problem domain, in which the problems are that we want
to solve;

I the informal domain, to stress that the domain is not of
mathematical nature.
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Mathematical modelling in formal science
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Mathematical modelling in science

I The modellings in this course are mathematical modellings
I Mathematical modelling is done in all formal empirical

sciences
I empirical: a “real”, non-mathematical domain is being studied.
I formal: a mathematical modelling of this domain

I by defining mathematical objects — operations, relations, . . .
I by stating mathematical equations and properties about them

(axioms)

I Physics, Chemistry, Biology, Economy, Climate, Geology,
Probability, Statistics, Natural Language understanding, . . . ,
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An example – the two body problem

I Newtons gravity theory restricted to two bodies:

One body’s acceleration is proportional to the mass of the
other bodiy and inverse proportional to the square of the

distance.

d2F1(t)
d2t

(t) = G × m2
||F2(t)−F1(t)||2

d2F2(t)
d2t

(t) = G × m1
||F2(t)−F1(t)||2

where

I F1,F2 : R+ → R3: trajectories of bodies 1, 2 at time t.
I m1,m2 ∈ R: masses of bodies 1 and 2
I G : the gravitational constant (≈ 6, 67× 10−11m3kg−1s−2)
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How does scientific modelling work?

I Formal empirical scientific theories are mathematical
modellings of the empirical domain.

I Real objects are abstractly represented as mathematical
objects: numbers, sets, relations, functions, vectors, matrices.

I In theories, we use symbols to refer to
I to mathematical values; e.g. m1 refers to a real number;
I to objects in the empirical domain, which we call the intended

or informal or empirical interpretation of the symbol; e.g., m1

refers to the mass of body 1.

I a mathematical structure is an assignment of mathematical
values to symbols.
E.g., a structure assigning real numbers to m1,m2 and vector
functions to F1,F2.

8 / 45



I Notice that for mi ,Fi , the empirical interpretation is not really
fixed! This is good, it means that the theory is generic and
can be applied to many two-body systems.

I E.g., sun - earth; earth - moon; earth - ISS (International
Space Station)

I By deciding to apply the theory to a specific two-body system
(e.g., earth – ISS), we fix the empirical interpretation of
mi ,Fi .
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Interpreted versus uninterpreted symbols

I Symbols mi ,Fi but also G ,×,−,=, || · · · || and d2

d2t

I All symbols refer to mathematical values.

I interpreted symbols: their value is given and fixed :
E.g., all except mi ,Fi .

I uninterpreted symbols: values are not given and fixed. For
other symbols, the value is not given:
E.g. mi ,Fi .

I In logic, the set of uninterpreted symbols is called the
vocabulary of the modelling.

I In a structure of the vocabulary, the (mathematical) value of
all symbols is fixed. Hence, the value of all expressions and
propositions is fixed.
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How does scientific modelling work?

I A structure abstractly represents a specific state of affairs in
the empirical domain. E.g., a state of affairs where the mass
and trajectory of body 1 and 2 is as given by the structure.

I A structure is a mathematical image of a state of affairs.

Structures and states of affairs are “isomorphic”.
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The empirical objects represented in gravitation theory and their
mathematical representation:

I Time points — R+

I Masses — R+

I Positions — R3

I Bodies — pairs (m,F ) of mass and trajectory function
F : R+ → R3.
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I We can imagine many states of affairs of the empirical
domain. Not all of them are possible.

I E.g., in our universe, states of affairs involving bodies with a
speed exceeding that of light are not possible.

I Science aims to find properties that possible states of affairs
have.
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I A formal scientific theory is a mathematical theory, a set of
mathematical propositions.

I A mathematical proposition is true in some structures A and
false in other structures. If it is true in A,

I we say the structure satisfies the proposition or sometimes,
I that the structure is a solution of the proposition (e.g., the

solution of a set of differential equations).

I The satisfaction relation can be defined as the set of pairs
(A,T ) where T is a mathematical theory and A a structure
satisfying it.

I Thus, a mathematical theory is a description of a class of
structures, those in which all its propositions are true. This
set we can call the mathematical semantics of the theory.
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I A formal scientific theory is also a proposition about the
empirical domain.

I The proposition is:

“The mathematical propositions are true in the structures that
are abstractions of possible states of affairs of the domain.”

E.g., the gravitation theory is the proposition that if we
(could) measure mass and trajectories of two bodies, then the
resulting structure would satisfy the two equations.

I Stated differently, the proposition is that the abstractions of
possible states of affairs are the structures that satisfy the
scientific empirical theory.

I This proposition about the empirical domain is the empirical
or informal semantics of the mathematical proposition.
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I A formal scientific theory is correct if its propositions are true
in all possible states of affairs of the empirical domain.

I The correctness of a formal scientific theory cannot be proven.

I It needs to be validated through experimentation. An
experiment may refute the theory, or it may confirm the theory.
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Semantical relations

A number of basic semantical concepts are well known from formal
sciences and mathematics.

I A mathematical theory is satisfiable or consistent if it has
structures that satisfy it.

I The two-body theory is satisfiable.
I Otherwise it is unsatisfiable or inconsistent or contradictory.
I A mathematical theory T entails a proposition A if the

proposition A is satisfied in every solution of the mathematical
theory T.

I E.g., Newtons two-body theory entails that two bodies in rest
will eventually hit eachother. (They are attracted to
eachother).

I Two mathematical theories are equivalent if they have the
same solutions, the same structures that satisfy them.

These semantical concepts reappear in logic, and their definition is
exactly as in mathematics and formal sciences.
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The success of empirical formal science has been phenomenal.
This is due to the fact that formal scientific theories can be used
to solve many problems about the empirical domain.
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Ex. Newtons gravity theory T ;

I input: a set of positions of a planet at different time points,
output: the orbit of the planet.

I input: a mass (of a planet) and a distance
output the escape velocity of the planet at this distance.

I input: the mass and the rotation velocity of the planet;
output: the distance to this planet for a geostationary orbit.

I Newtons gravitation theory was used once for predicting the
existence and the position of Neptune from observed
irregularities in the orbit of Uranus.1

I It is used to compute the trajectory of space crafts.

I It can be used to “prove” that planets orbit around the sun
according to an elliptic curve.

I It can be used to ”prove” that gravitation is attracting.

I . . .
1https://en.wikipedia.org/wiki/Discovery_of_Neptune
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Thus, an enormous variation of problems can be solved using this
theory.

This is something that distinguishes a mathematical theory from
programs:

I programs solve a problem; they are task oriented;

I formal scientific theories are not; they contain information;
this information is available to solve a range of problems.

I With logical modellings one can do the same, in principle.

But . . . , what is a problem?
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Mathematical problems

I A mathematical problem M: a mathematically defined
relation M between two types of mathematical objects:

I input objects (elements of In(M))
I output objects (elements of Out(M)).

I Each input object i then raises an instance of the problem. Its
solution is the set {o | (i , o) ∈M}.

I A mathematical solution method for a mathematical problem
is a mathematical method to determine the solution for any
given specific input.
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I A mathematical problem is M a computational problem if
there is an encoding scheme to encode elements of In(M)
and Out(M) to the set of finite sequences of bits.

I It is a decision problem if Out(M) = B = {t, f}
I A computational solution method: a terminating

program/Turing machine that computes for every input its
output.
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I To solve mathematical problems we do not need to know the
intended/empirical interpretation of symbols.

I But to do good science, we need to know them.
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The phenomenal success of empirical formal science is due to the
fact that we have correct empirical formal theories for which many
problems have solution methods.
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Equivalence, meaning, and problem solutions

I Many sorts of problems were solved using gravitation theory
T .

I Remarkably, all the solutions to each of these problems is
determined by the class of structures that satisfy this theory.

I Indeed, if we replace a theory by an equivalent theory, the
solutions to all these problems remain the same!

I This is a strong argument to say that the class of structures
that satisfy a theory represent its meaning, its semantics.
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Inference problems: problem classes

I The answers of different problems related to the same
mathematical proposition or theory are determined by the
class of structures. What exactly is the relationship between
the answers and the class of structures of the theory?

I Depending on the nature of this relationship, we can classify
most problems in only a small number of different problem
classes.

I Each different problem class I will call an inference problem.
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Definition
An mathematical inference problem is a mathematical problem M
that takes a mathematical proposition or theory as one of its input
arguments and its output is invariant under substituting a theory
for an equivalent theory.
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Some important inference problems

I The evaluation problem.
I Input: a structure A, and a mathematical term or expression e
I Output: the value of e in A.

E.g., determine the speed at time 0 of object 1 in a structure.
E.g., determine if the trajectory of object 1 is eliptical in a
structure.

I The satisfiability checking problem
I Input: theory T
I Output: “true” if T is satisfiable, “false” otherwise.

I The entailment or deduction problem
I Input: theory T , proposition e
I Output: “true” if e is true in all structures that satisfy T ,

“false” otherwise.

E.g., the problem of showing that the two body theory entails
that two objects in rest will eventually hit each other.
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I The model generation problem
I Input: theory T
I Output: “unsat” if T has no satisfying structure, else one or

more satisfying structures of T .

E.g., determine the orbit of the earth around the sun given
gravitation theory augmented with some measured positions
of the earth for a small set of time points.

I The possible values problem:
I Input: a theory T , a mathematical term t
I Output: a set of all values tA of t in all satisfying structures A

of T .

E.g., the possible positions of body 1 in all possible
trajectories.
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The above inference problems are well-defined mathematical
problems. They are well-defined as well, in every logic equipped
with a satisfaction relation between structures and propositions.
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Abstracting away information

I A structure is an abstract image of the world.
I In the case of Newtons theory, an enormous amount of

information is abstracted away.
I E.g., under this abstraction, Newton’s apple and the moon

look the same.

I In case of Newtons theory, it is more than striking that with
so little retained information, it is possible to obtain such
accurate predictions.

I In modelling of application domains and systems, it is a key
issue to know what aspects of the problem may be abstracted
away.

I (Nevertheless, well written mathemical language is
mathematically precise!)
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Correctness of formal science theories

I A formal scientific theory is correct if its propositions are true
in all possible states of affairs of the empirical domain.

I The correctness of a formal scientific theory cannot be proven.
It needs to be validated through experimentation.

I An experiment may refute the theory,
I or it may confirm the theory.
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Empirical formal scientific theories are approximate

I In the existing universe, Newtons gravitation theory is false for
any pair of existing bodies.

I However, it is approximately true for many well-chosen pairs
of bodies.

I E.g., the sun and the earth, e.g., the earth and ISS
(International Space Station).

I In these cases, the theory allows to predict the trajectories of
these objects with great accuracy during a long interval of
time.
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I In empirical formal sciences, it is rare to find a formal
empirical theory that is correct in an absolute sense. Almost
always it is only approximately true. E.g., this is certainly the
case for Newtons gravitation theory (think of Einstein).

I This has not empeded the tremendous success of
mathematical modellings, including of Newtons theory.
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Mathematical versus intended meaning

Some empirical sciences spend extreme care of of the relation
between the mathematical objects and empirical objects that they
are abstractions of.

I E.g., think of instruments to measure distance, mass, time,
chemical composition, etc..

I Think of the extreme precision using which such instruments
are calibrated.

I E.g., the NPL-CsF2 caesium fountain clock serves as the
United Kingdom primary frequency and time standard. The
NPL-CsF2 is expected to neither gain nor lose a second in
about 138 million (138× 106) years.
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The mathematical language in which mathematical propositions
are formulated is not a formal language.

I It is a mixture of natural language and mathematical
notations. Mathematical propositions can be phrased in
natural language.

I ‘A prime is a natural number strictly larger than one and
divisible only by one and by itself.”

I The mathematical notations are essentially abbreviations for
mathematical words. Every piece of mathematical text can be
stated equivalently in natural language.

I It is not possible to write strict mathematical rules of how
mathematical text is to be written.

39 / 45



Modelling in this course

Modelling in this course
=

Making a formal theory of some domain or system
expressed in a formal language, one with formally

defined syntax and semantics.
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Ingredients

I Symbols
I refer to (mathematical) values
I refer to empirical objects (their intended/empirical

interpretation)

I structures: assigments of (mathematical) values to symbols
I Expressions and theories
I Mathematical semantics:

I value of expressions and propositions in a structure
I satisfaction relation between structures and logical propositions

I Empirical semantics of logical propositions
I formal expressions as propositions about empirical domain
I correctness: models ' possible states of affairs

I Derived semantical relations: consistency, tautology,
entailment, equivalence

I Computational problems – inference problems
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In the course notes, the logic Lin is defined to illustrate all
concepts.

I A very simple logic of linear equations.
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Modelling a puzzle

I am one year older than double the age of my son. The sum of
our ages lies between 70 and 80. How old are we?
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Solving problems using a modelling

A modelling of the information in Lin determines the answer to all
these questions:

I Is it possible that I am 46 and my son 22?

I Is the puzzle consistent?

I What are our ages?

I Is it entailed that my son is adult?

I If I give you the additional clue that the right solution is the
one where my age is maximal, what are our ages?

I What are the possible ages of my son?

A modelling is not a program!
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http:

//dtai.cs.kuleuven.be/krr/idp-ide/?present=AgePuzzle

The modelling determines the answer to each of these questions.

I A modelling of the puzzle’s information in IDP.

I Solving all questions.
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