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I The old greeks invented mathematical reasoning. It was
magic to them. For example, Pythagoras (the one of
x2 + y2 = z2) erected a religious sect, with himself as god.

I Aristoteles (384-322 v.C.) observed that there were patterns
in correct mathematical reasoning, and he studied some of
them: syllogisms.

I One syllogism is the Barbara:

All men are mortal.
All Greeks are men.

All Greeks are mortal.

I For nearly 2000 year, this remained the state of the art.
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I Gottfried Wilhelm Leibniz (1646-1716), genius German
philosopher, mathematician, diplomat was convinced that:

I That complex thoughts in our mind are composed from
simpler thoughts, using mathematical operators analogous to
arithmetical operators +,×,−, . . . . (Good!)

I It should be possible to study the rules of correct reasoning
using mathematics. (Good!)

I This would allow to solve all diplomatic disagreements by
rational reasoning. (Hm?)

I He wrote about his work in letters but did not publish his
results.
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I George Boole (1815-1864) identified a number of these
operators : ∧,∨,¬ and developed Boolean algebra, known
from digital circuits, in logic known as propositional logic.

An Investigation of the Laws of Though (1854)

I Gottlob Frege completed this work by extending the set of
operators with quantification, and by extending the set of
rules of correct reasoning. His Begriffschrift (1879) counts as
the first presentation of classical logic.
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First-order Logic is a mathematical language in different senses:
I A formal language:

I mathematical definition of its syntax and of its semantics

I A mathematical view on the world:

The world consists of atomic objects, relations between them
and functions mapping tuples of atomic objects to atomic

objects

I It uses language constructs of the kind we find in
mathematical texts.
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Symbols of First-order Logic

Two sort of symbols:

I Interpreted symbols: logical symbols

I Uninterpreted symbols : object, relation, function symbols
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Logical symbols

I Logical connectives:
I ¬: negation connective
I ∧: conjunction
I ∨: disjunction
I ⇒: material implication
I ⇔: equivalence

I logical quantifiers:
I ∃: existential quantifier
I ∀: universal quantifier

I one binary relation symbol:
I = : equality symbol

Symbols that are frequently used in mathematical texts.
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Non-logical symbols in FO

I Object symbols
I symbols to denote (atomic) objects
I notation Sam/0 :

I n-place relation or predicate symbols
I symbols to denote n-ary relations
I n is called the arity of the symbol.
I notation P/1, Instructor/2,SunnyToday/0, . . . .

I n-place function symbols
I symbols to denote n-ary functions
I notation Age/1 :,Plus/2 :, . . .
I (difference: trailing “:” denotes that it is a function sumbol )
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I Function symbols of arity 0 correspond to object symbols.

I Predicate symbols of arity 0 are called propositional symbols.

I Predicate symbols could be viewed as function symbols of the
boolean type:

B = {t, f}
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Definition
A vocabulary Σ is a set of non-logical object, function and
predicate symbols.
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Structures

Definition
A structure A of a vocabulary Σ consists of

I a set D, called the domain or the universe of A;
I for each symbol σ ∈ Σ an appropriate value denoted σA:

I for n-ary function symbol F ∈ Σ, an n-ary (total) function
FA : Dn → D;

I for n-ary predicate symbol P ∈ Σ, an n-ary relation PA ⊆ Dn;

We denote D by DA.
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Values of symbols of arity 0:

I for each object symbol C ∈ Σ, CA is a domain element of DA.

I for each propositional symbol P ∈ Σ, PA is a boolean value;
i.e., PA ∈ B = {t, f}.
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Denoting structures

In this course, we frequently give examples of structures. Hence,
we need a a notation to denote structures.
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Denoting structures: example

Consider Σ = {0/0 :, S/1 :,P/1}.
Three different notations for the same Σ-structure A:

I Graphical notation:

a

b

c

d

0 

S

S
S

S

DP

Beware of distinction between symbols of Σ and identifiers of
domain elements such as a, . . . , d .

I Mathematical notation:
I DA = {a, b, c , d}
I OA = a
I SA = {(a, b), (b, c), (c , a), (d , d)}
I PA = {a, b, c}
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Vocabulary and structure in IDP
Vocabularies and structures in IDP are typed!

vocabulary V{
type D

O:D % O is a constant of type D

S(D):D % S is a 1/ary function on D

Q % Q is a propositional symbol

P(D) % P is a subset of D

}
structure S:V{

D={ a; b; c; d}
O=a

S={a-> b; b->c; c->a; d->d}
Q=true

P={a; b; c}
}

Symbols a,..,d occur in the description of the structure S: they are identifiers:
place holders of objects, not constant symbols. They are not allowed to occur
in logical formulas.
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FO terms, formulas and expressions

Definition
We define a term and formula by induction:

I a constant C/0 : is a term.

I if t1, . . . , tn are terms and f is a function symbol of arity n,
then f (t1, . . . , tn) is a term.

I a propositional symbol P is a formula (called a propositional
atom).

I if t1, . . . , tn are terms and P is a relation symbol of arity n,
then P(t1, . . . , tn) and (t1 = t2) are formulas (called atoms)

I if x is an object symbol and α, β are formulas then (¬α),
(α ∧ β), (α ∨ β), (α⇒ β), (α⇔ β), (∃x α) and (∀x α) are
formulas. x is called a variable here.

An expression is a term or a formula.
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Intermezzo: inductive definitions?

I The definitions of term and formula are examples of inductive
definitions.

I Inductive definitions are most often represented as a set of
definitional rules.

I Such a definition of a set defines the set by describing how to
construct it: this process is called the induction process:
I Start with the empty set.
I Select a rule instance whose conditions are satisfied in the

current set, and add its head to the defined set.
I Iterate this until all rules are satisfied.

I The process may take finite or infinite or even transfinitely
many steps.

I The defined set is the limit of this process.

22 / 259



Intermezzo: what does this inductive definition mean?

I The notion of term depends on the vocabulary Σ.

I Take Σ = {a/0 :, g/2 :} with constant a and binary function
symbol g .

I The induction process:
I S0 = ∅
I apply “a constant is a term” for constant a:

S1 = {a}
I apply ”if t1, . . . , tn are terms and f is a function symbol of arity

n, then f (t1, . . . , tn) is a term”, for t1 = t2 = a and f = g :
S2 = {a, g(a, a)}

I S3 = {a, g(a, a), g(a, g(a, a))}
I S4 = {a, g(a, a), g(a, g(a, a)), g(g(a, a), a)}
I . . .

I Infinitely many steps are needed to create a set in which all
definitional rule instances are satisfied.
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A few observations:

I The induction process yields an infinite set of strings if there is
at least one constant and one function symbol f /n with n > 0.

I The order in which rules are applied is not important, as long
as all definitional rule instances are eventually satisfied. The
limit is always the same.

I Question: can terms (or formulas) be infinite? E.g.,
g(a, g(a, g(a, . . . )))

Answer: no, each induction step takes a finite set of finite
terms and produces one new finite term. So, infinite terms
cannot be constructed.
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The same definition in Bachus Naur Form notation (BNF):

s, t, u, v ::= C object symbol
| f (s1, . . . , sn) functional term

A ::= P(s1, . . . , sn) atom
| (s = t) equality atom

α, β, ϕ ::= A atomic formula
| ¬α negation
| (α ∧ β) conjunction
| (α ∨ β) disjunction
| (α⇒ β) material implication
| (α⇔ β) equivalence
| (∀x α) universal quantification
| (∃x α) existential quantification

Equivalent! Terms and formulas defined by BNF statements are
defined by the same induction process.
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Terms and formulas are of a different type:

I terms serve to denote objects; in a structure, terms denote
domain elements.

I formulas express facts, in a structure, formulas denote true or
false.

I Equality is to be used for terms t1 = t2.

I Equivalence is to be used for formulas φ⇔ ψ.

Don’t confuse terms and formulas. Don’t say in an exam “this
term is false”.
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Herbrand structure

There is a type of structure of which the domain elements are
terms.

Definition
A structure A of Σ is a Herbrand-structure if:

I DA is the set of terms over Σ;

I For each constant symbol c ∈ Σ, it holds that cA = c .

I For each function symbol F ∈ Σ is FA the function that maps
terms t1, . . . , tn to the term F (t1, . . . , tn).
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Given a structure A of vocabulary Σ, the expressions e that can be
evaluated in A are those such that all non-quantified non-logical
symbols in it belong to Σ. We make that mathematically precise:

I A symbol σ is a free symbol of expression e if it has an
occurrence in e that is not within a quantified subformula
(∃σ ψ) or (∀σ ψ) of e.

I Any occurrence of a symbol σ within a subformula (∃σ ψ) of
e is called a bound occurrence of σ in e; any other occurrence
of σ is called a free occurrence in e.
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Definition
We call e an expression over vocabulary Σ if all free symbols of e
belong to Σ. We call ϕ a sentence over Σ if it is a formula over Σ
(a formula such that all free symbols belong to Σ).

We will see that in a Σ-structure, all expressions over Σ have a
value. A sentence over Σ is true or false in that structure; a term
over Σ has a domain element as value.
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Example:

I free or bound as in ∀y(P(x , y) ∨ ∃x(Q(x , c , y))).

I Free symbols of this formula : P,Q, x , c .

I A sentence over Σ may contain symbols outside of Σ, but
only in bound occurrences.
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Definition
A theory over Σ is a set T of sentences (over Σ).
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Notational conventions

We omit brackets if it is clear where to re-insert them.

I This is governed by binding rules that determine the binding
strenght of formulas.

I Binding precedence: ¬ > ∧ > ∨ >⇒>⇔> ∀ > ∃.
I Brackets need to be inserted closer to connectives with higher

precedence. Hence,
I P ∧ Q ∨ R is shorthand notation for ((P ∧ Q) ∨ R).
I α ∧ β ∨ ¬α ∧ ¬β is shorthand notation for

((α ∧ β) ∨ ((¬α) ∧ (¬β)))

I ∧,∨ are right associative. Hence, P ∧ Q ∧ R is shorthand for
P ∧ (Q ∧ R).
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Extending a structure for new symbols

Definition
Given

I a structure A,

I a symbol σ and

I a suitable value v for σ in A.

We denote by A[σ : v ] the structure identical to A except that
σA[σ:v ] = v .

Either σ had no value in A and receives one in the extended
structure, or its old value is overwritten by the new value v .
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Interpretation/evaluation of terms

Definition
Let A interpret all free symbols of term t. The interpretation tA of
term t in structure A is defined by induction on the structure of t:

I If t is an object symbol, then tA is the domain element
assigned by A to t.

I If t is a term F (t1, . . . , tn) then tA = FA(tA1 , . . . , t
A
n ).

We also call tA the value of t in A.
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Intermezzo: definitions by induction over the structure of a term

I In the previous definition, we define a function that maps a
pair (t,A) to a value of t in A, “by induction on the structure
of t”.

I This simply means to derive the value tA for a composite
term, the induction process first needs to derive the value of
subterms of t.

I The induction process runs along the subterm relation: from
low to high.
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The satisfaction relation

Definition
Let A interpret all free symbols of formule ϕ. We define that A
satisfies ϕ (denoted A |= ϕ) by induction on the structure of ϕ:

I A |= P(t1, . . . , tn) if (tA1 , . . . , t
A
n ) ∈ PA;

I A |= (α ∧ β) if A |= α and A |= β;

I A |= (α ∨ β) if A |= α or A |= β or both;

I A |= (¬α) if A 6|= α; (that is, A does not satisfy α);

I A |= (α⇒ β) if A 6|= α or A |= β (or both);

I A |= (α⇔ β) if it is the case that A |= α if and only if A |= β;

I A |= (∃xα) if there exists d ∈ DA such that A[x : d ] |= α;

I A |= (∀xα) if for d ∈ DA, it holds that A[x : d ] |= α;

I A |= (t = s) if tA = sA.
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Intermezzo: what does this definition mean?

“by induction on the structure of ϕ”??

I A definition by structural induction.

I A special case of a definition by induction over an induction
order <

I The induction order here: the subformula order:
α < β if α is a subformula of β.

I The construction of the satisfaction relation is similar as
previously except that it is important that the rules are
applied along the induction order.
I iterated rule application starting from the empty set but rules

deriving subformulas need to be applied first.

I We should wait to derive A |= ¬ϕ till the induction process
has had the chance to derive A |= ϕ. If we apply the rule to
derive ¬ϕ too early, we might derive later A |= ϕ and hence
obtain a contradiction.
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Terminology (reminder from Chapter II)

If A |= ϕ, we say that

I ϕ is true in A.

I A satisfies ϕ;

I A is a model of ϕ;

The same terminology as for formulas holds for theories T .
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Formulas as boolean expressions

Definition
Define the truth function (·)A for formulas:

I ϕA = t if A |= ϕ;

I ϕA = f if A 6|= ϕ.

I ϕA is undefined if ϕ contains free symbols not interpreted in
A.
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Frege’s compositionality principle

I FO’s model semantics satisfies Frege’s compositionality
principle:
I The value of a composite expression in a structure is

determined from the value of its main symbol and the values
of its subexpressions.

I This implies that the value and the meaning of an expression
does not depend on the context wherein it occurs.

I In particular, connectives of FO can be assigned a suitable
boolean function. Therefore, connectives of FO are called
truth functional.
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I Languages do not satisfy Frege’s compositionality principle if
the meaning of a term depends on the context.

I Natural language does not satisfy this principle. E.g., the
temporal conjunction is a non-truth functional connective : “I
went home and I called her”:
Homework 1: Do a “possible world analysis”. Think up two
situations in which the two subsentences are true but the
value of the entire sentence is different.
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Formulas as boolean expressions

The truth functions of connectives are summed up in the following
table:

¬
t f
f t

∧ t f
t t f
f f f

∨ t f
t t t
f t f

⇒ t f
t t f
f t t

⇔ t f
t t f
f f t

We can also define the meaning of quantified formulas in an
almost compositional way:

(∀xα)A = Min({αA[x :d ] | d ∈ DA})

(∃xα)A = Max({αA[x :d ] | d ∈ DA})

Here Min maps a set of boolean truth values to the least one, and
Max to the largest one, where f < t.
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Informal/empirical semantics

I When we use a formal language for modelling and we express
some information about the application domain by a formal
sentence, what proposition about the application domain have
we expressed?

I Recall Chapter 2 where we argued that an requirement for a
modelling language is that this can be clarified.
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Informal/empirical semantics of FO

In the context of FO, this is particularly simple.

I The meaning of the logical symbols is explicitly specified in
the definition of the satisfaction relation. Moreover, they are
specified along the way that we are used to in mathematics.

I If in the context of some application domain, we have an
intended (or informal) interpretation of a vocabulary Σ of the
non-logical symbols, we can translate an FO sentence over Σ
in a clear and precise proposition about the application
domain.

Thus, in principle, determining the informal interpretation of FO
sentences is easy.
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Informal semantics in the context of a structure

By iteratively applying the rules of the satisfaction relations we
reduce a formal sentence to an informal sentence that captures its
meaning.

I Take Σ = {G/3,T/0 :,M/0 :,P/1}.
I Let A be some Σ-structure and ϕ the sentence
∃g(G (T ,M, g) ∧ P(g)).

I A |= ∃g(G (T ,M, g) ∧ P(g))
iff for some d ∈ DA, it holds that
A[g : d ] |= G (T ,M, g) ∧ P(g)
iff for some d ∈ DA, it holds that A[g : d ] |= G (T ,M, g) and
A[g : d ] |= P(g)
iff for some d ∈ DA, it holds that (TA,MA, d) ∈ GA and
d ∈ PA.

I The latter sentence is a natural language statement of
mathematical precision about the unspecified structure A.
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Informal semantics in the context of an informal application domain

Now take the informal application domain of students and courses,
and the following intended interpretation:

I T : student Tom;

I M: course G0B23;

I P(x): x is a passing grade;

I G (x , y , z): student x has grade z for exam of course y.

In this domain, the sentence ∃g(G (T ,M, g) ∧ P(g)) expresses:

I There exists a g such that Tom has grade g for exame of
course G0B23 and g is a passing grade.

I I.e., Tom passes for course G0B23.
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The informal semantics of a sentence under an informal
interpretation is sometimes also called its declarative or intuitive
reading.
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Homework 2: Consider the following term:

h(f (a), g(b))

What does this term denote under the following interpretation:

I h(x , y) := ”x × y”, f (x) := ”x + 1” , g(x) := ”2× x”, a := ”1”, b := ”2”,

I h(x , y) := ” x
y2
”, f (x) := ”weight of x” , g(x) := ”height of x”, a := ”John”,

b := ”John”.

Suppose h is a predicate. Find informal interpretations for h and for f , g , a, b and give
the informal interpretation of this expression.
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The informal semantics

I FO as a kind of shorthand notation for a special subset of NL
sentences.

I No poetry, but the sort of language found in mathematical
texts.
I precise!

I Impact for modelling: One should be capable to reformulate
information and knowledge in this style.

I This is sometimes surprisingly difficult. See section below on
pragmatics.
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FO as a modelling logic

We now defined the three components of FO as a modelling logic:

I Formal syntax,

I Formal semantics: the evaluation function of terms and
satisfaction relation |=

I Informal semantics, explaining the meaning of formulas under
an empirical interpretation in the empirical domain

We can now use FO as a modelling logic and use modellings for
problem solving, as defined in Chapter 2:

I the derived semantical relations are induced (satisfiabiliy, . . . )

I inference problems.
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Derived semantical concepts (from Chapter 2)

Let Σ be a vocabulary, T ,T ′ be theories or sentences over Σ.

I T is satisfiable of semantically consistent if at least one
structure satisfies T . T is contradictory or unsatisfiable if
there is no structure that satisfies T .

I T is tautological or logically valid (notation |= T ) if T is
satisfied in every Σ-structure.

I T is equivalent to T ′ (notation T ≡ T ′) if T ,T ′ are true in
the same structures. Or equivalently, if for each structure A
over Σ, TA = T ′A.

I T entails (or logically implies) T ′ (notation T |= T ′) if every
structure A that satisfies T satisfies T ′.

I T is categorical if it has a unique model (modulo
isomorphism). (Isomorphism will be defined later)
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As said in Chapter 2, all these concepts exist in mathematics and
formal science, and they were redefined here with the same
meaning.
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Each of the derived semantical relations except categoricity, can be
defined in terms of the concept of satisfiability.

E.g., Formula T logically entails ϕ iff T ∪ {¬ϕ} is unsatisfiable.
Proof. T logically entails ϕ
iff for every structure A, A |= T implies A |= ϕ
iff there is no structure A such that A |= T and A 6|= ϕ
iff there is no structure A satisfying T and ¬ϕ
iff T ∪ {¬ϕ} is unsatisfiable.

E.g., A formula ϕ is contradictory iff it is not satisfiable.
Proof. ϕ is contradictory
iff there is no structure A that satisfies ϕ
iff ϕ is not satisfiable.

Homework 3: Find the two remaining definitions and prove them.
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Remark

In logic, the symbol |= is overloaded. It has three different
meanings:

I A |= ϕ : A satisfies ϕ; the satisfaction relation is a binary
relation between structures and formulas or theories.

I T |= ϕ: T entails ϕ: the logical entailment relation is a
binary relation between formulas or theories.

I |= ϕ: ϕ is valid (is entailed by the empty theory). Valid
formulas are formulas satisfied in every structure. It is a
special case of logical entailment with T = ∅.

Do not confuse these three meanings. Disambiguate depending on
the sort and number of arguments.
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An example: Group theory

A group is a mathematical structure consisting of a domain, a
(total) binary operator and neutral element that satisfies three
properties as expressed below.

I Vocabulary: Σ = {plus/2 :, e/0 :} with intended
interpretation
I plus: the binary group operator
I e: the neutral element

I Theory:
I Associativity:

∀x∀y∀z(plus(x , plus(y , z)) = plus(plus(x , y), z)
I Neutral element

∀x(plus(x , e) = x ∧ plus(e, x) = x)
I Inverse element

∀x∃y(plus(x , y) = e ∧ plus(y , x) = e)

A model of this theory represents a group.
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To see the same theory written in IDP syntax:
http://dtai.cs.kuleuven.be/krr/idp-ide/?present=group

Push “run” to see all models A with 4 domain elements.
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Example: Graph colouring

A graph consists of vertices and directed edges between them. A
graph colouring is a mapping from vertices to colors such that
adjacent vertices have different color.

I Σ = {Vertex/1,Edge/2,Col/1,Colouring/1 :}
I Vertex(x) - x is a vertex
I Col(x) - x is a color
I Edge(x , y) - there is an edge from x to y
I Colouring(x) - the colouring of (vertex) x

I Theory:

∀x(Vertex(x)⇒ Col(Colouring(x)))
∀x∀y(Edge(x , y)⇒ ¬(Colouring(x) = Colouring(y)))

A model of this theory represents a graph, a set of colours and a
graph colouring.
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This example shows a (first) representational weakness of FO.

I FO is untyped, but here are two types: vertices, colors.

I Function symbols represent total functions.

I Hence, a value for Colouring assigns also colors to colors.

I The theory does not impose constraints on colors of colors.

I This leads to many redundant models.

We will introduce a typed version of FO.
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One of the models in graphical notation

D
1

2

3

4

5

r

g

b

VertexEdgeCol

Colour

Here, double sided arrow i ↔ j represents 2 directed edges: from i
to j and back.
The structure is a model in which the color of “r” (red) is not a
color. Why does it not violate the theory?
Homework 4: Represent this model in mathematical format (and
in IDP format).
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Homework 5: Explain the informal semantics of the following
formula and verify if it is true.

∀x(Vertex(x)⇒ ∃y∃z( Vertex(y) ∧ Vertex(z)∧
¬(x = y) ∧ ¬(y = z) ∧ ¬(x = z)∧
Edge(x , y) ∧ Edge(y , z) ∧ Edge(z , x)))
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Example: a zoo puzzle

Mrs. Robinsons 4th grade class takes a field trip to the local zoo. The day was
sunny and warm a perfect day to spend at the zoo. The kids had a great time
and the monkeys were voted the class favorite animal. The zoo had four
monkeys two males and two females. It was lunchtime for the monkeys and as
the kids watched, each one ate a different fruit at its own favorite resting place:

Sam, who doesnt eat bananas, likes sitting on the grass.
The monkey who sat on the rock ate the apple.
The monkey who ate the pear didnt sit on the tree branch.
Anna sat by the stream but she didnt eat the pear.
Harriet didnt sit on the tree branch.
Mike doesnt eat oranges.

What did each ape eat and where? (And which ape was voted favorate
animal?)
The solution below uses types (see later in this lecture).
http://dtai.cs.kuleuven.be/krr/idp-ide/?present=Zoo Homework 6:
This specification is incomplete as can be seen from the fact that it has too
many models. Extend the specification until there is only one solution.
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The puzzle contains information irrelevant for solving the puzzle
that was abstracted away in the solution. E.g., that it was sunny
and warm, and that 2 apes are male.
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Homework 7: What does the following proposition mean:

P(0) ∧ ∀x(P(x)⇒ P(S(x))

Verify whether this structure satisfies it. Propose an alternative
value for P such that the formula is not satisfied. Express that P is
a subset of Q as a formula. Try to express that g cannot be
reached from 0 through the function S . Does it work?
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Short history
First-order Logic (FO)

Symbols, values and structures
Formal syntax
Formal semantics
Informal semantics
Derived semantical concepts
Small examples
Isomorphic structures
Pragmatics of using FO for KR

Extensions of classical logic
Extending FO with Types
Second and higher order logic
Adding aggregates
Adding definitions to FO
Relation to Prolog

Axiomatizing some structures
Expressing databases
Peano arithmetic
Generalizing UNA and DCA
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The class of structures

I The Σ-structures form a big class.
I Structures can have arbitrary domain, of arbitrary size (finite,

countably infinite, uncountably infinite), with arbitray
interpretation of function symbols and predicate symbols.

I Relevance for modelling: for all structures A that do not
represent possible states of affairs, we need to express a
formula that is violated in A. In absence of such an axiom,
FO “thinks” this state of affairs is possible.

FO makes no assumptions at all.
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Isomorphic structures

I Structures that have the same internal structure represent the
same state of affairs.

I Two structures that have the same internal structure are
called isomorphic.
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Example of isomorphic structures
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Domain elements can be renamed such that one structure is
turned into the other. They have the same internal structure and
are abstractions of the same state of affairs.
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Isomorphic structures

Definition
A structure A is isomorphic to structure A′ (notation A ' A′) if

I they interpret the same symbols (ΣA = ΣA′), and
I there exists a bijection b : DA → DA′ such that

I for each P/n ∈ Σ, for all d1, . . . , dn ∈ DA,

(d1, . . . , dn) ∈ PA iff (b(d1), . . . , b(dn)) ∈ PA′

I for each f /n :∈ Σ, for all d1, . . . , dn, d ∈ DA,

f A(d1, . . . , dn) = d iff f A
′
(b(d1), . . . , b(dn)) = b(d)

Proposition: The relation “is isomorphic to” is an equivalence
relation (reflexive, symmetric, transitive).

This relation splits the class of structures in equivalence classes.
All structures in the same equivalence class are abstractions of the
same states of affairs.
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A basic theorem about isomorphism:

Theorem
If A ' A′ with isomorphism b, then for every expression e over the
vocabulary of these structures, it holds that b(eA) = eA

′
. In

particular, if e is a formula, A |= e iff A′ |= e.

No proof. This proposition can be proven by induction on the
structure of e.
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Homework 8: Intermezzo: Prove that isomorphic structures satisfy
the same formulas by induction on the structure of the formulas.
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An FO theory is categorical iff all its models belong to the same
non-empty equivalence class.

Homework 9: Can you think of an FO theory that is categorical?
(We will see examples of this later).
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Short history
First-order Logic (FO)

Symbols, values and structures
Formal syntax
Formal semantics
Informal semantics
Derived semantical concepts
Small examples
Isomorphic structures
Pragmatics of using FO for KR

Extensions of classical logic
Extending FO with Types
Second and higher order logic
Adding aggregates
Adding definitions to FO
Relation to Prolog

Axiomatizing some structures
Expressing databases
Peano arithmetic
Generalizing UNA and DCA
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The term “pragmatics” refers to the practical methodology of
modelling in the logic.
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Exclusive disjunction

I ∨ is inclusive disjunction.

I There are multiple ways to express exclusive disjunction
between ψ,ϕ:

(ψ ∨ ϕ) ∧ ¬(ψ ∧ ϕ)

(ψ ∧ ¬ϕ) ∨ (¬ψ ∧ ϕ)

ψ ⇔ ¬ϕ
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Duality: pushing negation

It is always possible, and often useful to push a negation through a
formula. That is, a formula ¬ϕ can be transformed in a logically
equivalent formula ϕ′ in which ¬ occurs only in front of atoms.
This transformation changes every logical connective to its dual:

I ∧ to ∨, ∨ to ∧,

I ¬¬ to nothing (delete ¬¬),

I ∀ to ∃, ∃ to ∀,

Further more:

I ϕ⇒ ψ to ϕ ∧ ¬ψ,

I ϕ⇔ ψ to ϕ⇔ ¬ψ.
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Example

¬[∀x(Vertex(x)⇒ ∃y( Edge(x , y) ∧ ¬(x = y)))]

becomes

∃x(Vertex(x) ∧ ∀y( ¬Edge(x , y) ∨ (x = y)))

Exploiting ⇒, this is logically equivalent to:

∃x(Vertex(x) ∧ ∀y( Edge(x , y)⇒ (x = y)))
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Quantification

Challenges of expressing quantification.

I Quantification in FO is over the entire domain. Quantification
in natural language and mathematics is virtually always about
some subdomain. This is called binary quantification.

I The order of quantifiers is important.

I Sometimes, quantifiers in natural language are ambiguous.

I There are many more sorts of quantifiers in natural language
than in FO. Many (but not all) can to be simulated in FO.
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Simulating binary quantification

I Quantification in FO is over the entire domain.

A |= ∀xψ iff for all d ∈ DA, . . .
I In natural language, quantification is almost never over the

entire domain.
I nothing sensible is to be said that applies to all entities of all

different sorts that co-exist in the universe.

I Quantified statements in natural language are binary. They
have following structure:
I a qualification : the group of objects we quantify over
I a quantor (for all, there exists, at least three, . . . )
I an assertion: the proposition stated about the qualified objects.

E.g. All lectures of this course take place in 2015.

I In FO we need to simulate such statements.

82 / 259



Simulating binary quantification

Expressing binary quantors in terms of unqualified quantors.

I All P’s are Q’s

∀x(¬P(x) ∨ Q(x)) or equivalently,
∀x(P(x)⇒ Q(x))

All objects of the entire domain do not satisfy the
qualification or they satisfy the assertion. Or equivalently, for
all objects of the entire domain, if they satisfy the
qualification they satisfy the assertion.

I Some P is a Q.
∃x(P(x) ∧ Q(x))

There exists an object in the universe that satisfies the
qualification as well as the assertion.
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The symmetry between expressing qualification in universal and
existential quantification is broken. The following are big mistakes:

I To express that “All P’s are Q’s”:

∀x(P(x) ∧ Q(x))

All objects of the domain satisfy both qualification and
assertion. Almost certainly false.

I To express that “Some P is a Q”:

∃x(P(x)⇒ Q(x))
∃x(¬P(x) ∨ Q(x))

There exists an x that does not satisfy the qualification or
that satisfies the assertion. Since there are almost certainly
objects that do not satisfy the qualification, this sentence is
almost certainly trivially true. It certainly does not mean what
we wanted to express.

These are amongst the most frequent mistakes on exams.
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To express that all P’s are Q’s, which of the equivalent statements
is more easy to understand?

∀x(¬P(x) ∨ Q(x)) or equivalently,
∀x(P(x)⇒ Q(x))

For me, definitely it is the second. The reason is that the first
forces me to think of all objects in the universe, whereas the
second I recognize as a statement about P’s only.
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The order of quantifiers

I Switching different quantifiers is not meaning preserving.
I There is a key that fits every car. ∃k∀c
I For every car there is a key that fits it. ∀c∃k

Obviously not equivalent. Homework 10: Formalize in logic
using a vocabulary of your choice, and do a formal possible
world analysis: show a structure in which both have different
truth values.

I However, switching equal quantifiers is equivalence preserving:

I There is a person living in some house. ∃p∃h
I There is a house in which some person lives. ∃h∃p

This means the same. Likewise for ∀x∀yψ and ∀y∀xψ.
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Nested quantifiers

“At least one car drives faster than every car that is driven by a

police man”

I Three nested quantifiers

∃c(car(c) ∧ ∀c1( (car(c1) ∧ ∃p(Police(p) ∧ Drives(p, c1)))

⇒ FasterThan(c , c1)))

I Some grammatical anaysis of such NL sentences is required to
determine the nature and scope of its quantifiers.
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Ambiguous quantification in natural language

I In natural language, sometimes syntactically similar
statements express universal quantification in one context and
existential in another context. Their meaning is to be deduced
from the context.

I E.g.,
I A mercedes is expensive: every mercedes car is expensive (∀).
I A mercedes is in front of the door: some mercedes car is in

front of the door (exists).

Despite the structural similarity of text, different quantifiers
are meant.
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Other quantifiers of natural language

E.g. All lectures of this course take place in 2015.

I Replace “all” by other quantifiers of natural language:
I Each, all, every
I Some, at least one
I No, not a single
I Not all
I At least “n”, at most “n”, exactly “n” (fixed value n)
I Most, Few

Homework 11: Do you know other examples?

I All occur in combination with qualification and assertion

I All except the last two can be expressed using ∀, ∃.

I The last two are vague quantifiers. Not in this course.
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At least 2 P’s are Q’s:

∃x∃y(P(x) ∧ P(y) ∧ ¬(x = y) ∧ Q(x) ∧ Q(y))

At most 2 P’s are Q’s:

∀x∀y∀z(P(x)∧Q(x)∧P(y)∧Q(x)∧P(z)∧Q(z)⇒ x = y∨x = z∨y = z)

Homework 12: Think how to generalize 2 to 3, 4, . . . , “n”
This is a clearly not a conventient method. We will extend FO to
handle such numeral quantifiers in a better way.
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Homework 13: Work out how the other natural language
quantifiers can be translated to FO.
Homework 14: What is the meaning of “Most P’s are Q’s”?
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Quantifiers are studied in the domain of generalized quantifiers.
http:

//plato.stanford.edu/entries/generalized-quantifiers/
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Equivalence and expressing definitions in FO

I An important use of ⇔ is to express definitions.

I Defining predicate and function symbols:

∀x1 . . . ∀xn(P(x1, . . . , xn)⇔ ψ[x1, . . . , xn]
∀x1 . . . ∀xn∀y(F (x1, . . . , xn) = y ⇔ ψ[x1, . . . , xn, y ])

Here ψ[x1, . . . , xn] is used to denote a formula ψ that contains
free variables x1, . . . , xn and does not contain the defined
symbol P or F .

Such formulas are called explicit definitions.
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I E.g., express the definition that a man is a male human.

∀x(Male(x)⇔ Human(x) ∧Male(x))

I E.g., express that a base course is a course without
prerequisites:

∀x(BaseCourse(x)⇔ (Course(x) ∧ ¬∃c : PreReq(c , x)))

I E.g., express that the father is the male parent:

∀x∀y(Father(x) = y ⇔ Parent(x , y) ∧Male(y))
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It is easy to make mistakes that are hard to trace.

I E.g., we define a person has fever if his temperature is more
than 37.

∀x∀t(Fever(x)⇔ Temperature(x , t) ∧ t > 37)

Correct? Not even close.

This formula does not follow the pattern of explicit definitions
∀x(Fever(x)⇔ . . . due to ∀t.
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I Let us split in equivalent statement:

∀x∀t(Fever(x)⇐ Temperature(x , t) ∧ t > 37)∧
∀x∀t(Fever(x)⇒ Temperature(x , t) ∧ t > 37)

Because t does not occur in the premisse of sentence 2, it is
logically equivalent to:

∀x(Fever(x)⇒ ∀t(Temperature(x , t) ∧ t > 37)

This says that if some x has fever, every object t in the
universe is the temperature of x and also, that t is also larger
than 37. Incorrect!

I How to correct?

∀x(Fever(x)⇔ ∃t(Temperature(x , t) ∧ t > 37))
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Not all equivalences are definitional. E.g.,

∀x(Human(x)⇒ ((∃yFather(x , y))⇔ (∃yMother(x , y)))

This statement correctly expresses that every human has a father if
and only if it has a mother. Adam and Eve have neither and all
other humans have both. It is not a definition.
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Homework 15: Consider the following definition in natural
language: ”A human is a parent if he or she has at least one
child”. This is a definition. Consider the following formalization:

∀x(Human(x)⇒ (Parent(x)⇔ ∃cHasChild(x , c))

Show this is wrong formally by a possible world analysis: find a
structure in which the definition and the formula disagree.
The correct way to express this definition is:

∀x(Parent(x)⇔ Human(x) ∧ ∃cHasChild(x , c))
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Yet another example

We want to define Even to be the set of all two-folds of natural
numbers Nat. Here is a proposed formula:

∀n(Even(2× n)⇔ Nat(n))

The atom of the defined symbol Even does not have the right
format. Is this a correct representation? Let us verify.

I ∀n(Even(2× n)⇒ Nat(n)): this is true if Even is the set of
even numbers. Notice that it is also true if Even is a superset
of the even numbers.

I ∀n(Even(2× n)⇐ Nat(n)): this is true if Even is the set of
even numbers. But it is also true if Even is a superset of the
even numbers.

E.g., take the structure A, where NatA = EvenA = N, the set of
natural numbers, and 2A,×A have the expected value. Clearly, this
structure does not satisfy the definition, and yet, it satisfies the
equivalence.
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Yet another example

We define that P is the set of all sums n + m with n,m ∈ Q:

∀n∀m(P(n + m)⇔ Q(n) ∧ Q(m))

Completely wrong! See: http:

//dtai.cs.kuleuven.be/krr/idp-ide/?present=BadEquiSum

Homework 16: Find out what this equivalence really mean by
splitting them up in two implications. Each intends to express a
definition. Rephrase as a definitional equivalence and verify with
IDP if your solution is correct.
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Expressing common implicatures in FO

I Humans share much information and exploit this. During
communication much relevant information is not stated
explicitly. Propositions that are not explicitly stated but
intended anyway are called implicatures.

I Implicatures strongly depend on context and shared
knowledge. Processing of implicatures is often at the
subconscious level.

I Predicate logic does not make hidden assumptions.

I In FO, all implicatures need to be explicitated and expressed.

I Modelling in logic makes us aware of implicatures.
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I Suppose that John says:

“ I have a son called Roger and a daughter called Ann”

What information does he provide?

I In logic, Son(John,Roger) ∧ Daughter(John,Ann)?
I Or that John has exactly one son called Roger and one

daughter called An?

I The proposition stated is

Son(John,Roger) ∧ Daughter(John,Ann)

The implicature is

∀x(Son(John, x)⇒ x = Roger)∧
∀y(Daughter(John, y)⇒ x = Ann)

I This is a big difference.
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Use case: expressing information from a database in FO

Consider a table from a database:

Instructor/2

Ray CS230
Hec CS230
Mar HD87

What is the information and how to express it in FO?
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Use case: expressing information from a database in FO

First idea:

I Take Σ = {Instructor/2,Ray ,Hec ,Mar ,CS230,HD87}.
I Express information by the following conjunction that

enumerates all table rows as a conjunction (∗) of atoms:

Instructor(Ray ,CS230) ∧ Instructor(Hec ,CS230)∧
Instructor(Mar ,HD87)

Is this correct? Well, there is much more information in a table
than that. Implicatures underlying the table are:

I different symbols Ray ,Hec ,CS230, . . . represent different
objects;

I tuples not in the table do not belong to Instructor ; e.g.,
Instructor(Ray ,HD87) is false.
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I In what sense can we see that the database contains such
additional information?

I By looking at the answers that a database system will
generate for certain queries.
I ¬Instructor(Ray ,HD87)
I ∃x(Instructor(x ,CS230))) ∧ x 6= Ray)

A database system would answer these queries positively.

I If all information in the table is expressed correctly in the FO
theory, the theory should entail these formulas.
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Proposition:

The sentence (*) does not entail these two propositions.

Proof. It suffices to provide a model of (*) in which both
propositions are false.

I Choose A as follows:
I Domain D = {a}
I RayA = HecA = · · · = CS230A = HDA = a
I InstructorA = {(a, a)}

I It easy to verify that in A, the formula (*) is true. On the
other hand, the two “query” formulas are false. E.g.,
A |= ¬Instructor(Ray ,HD87) iff
(RayA,HD87A) 6∈ InstructorA iff
(a, a) 6∈ {(a, a)}.
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A correct modelling

Two sorts of axiomas are needed

I Equality axioms to express different constants denote different
objects: UNA

I Precise definition of Instructor that describe what is in and
what is out the table.

107 / 259



UNA axiom

I UNA: Unique Names Axioms:

I Let Σ be a set of object symbols. Then UNA(Σ) is the
conjunction of all disequality literals

¬(C1 = C2)

where C1,C2 ∈ Σ are different symbols.
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Predicate completion

For the predicates, we need an axiom that expresses which tuples
are in it and which are out:

∀x(∀y(Instructor(x , y)⇔
(x = Ray ∧ y = CS230)∨
(x = Hec ∧ y = CS230)∨
(x = Mar ∧ y = HD87)))

We call this a completed definition of the table of Instructor/2.
Notice that it has the shape of an explicit definition on page 93.
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The combination of UNA and the completed definiton can be
shown to capture all the information in the table.
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I E.g., when writing in the IDP language

type day constructed from { mon; tue; wed; thu;

fri; sat; sun }
this logically means:
I ∀x(day(x)⇔ x = mon ∨ · · · ∨ x = sun)
I UNA({mon, . . . , sun})
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Expressing partial Functions

I FO assumes that a function symbol denotes a total function.
I In many application domains, functions are not total but

partial.
I Recall the colouring function in of the graph colouring

example.

I Sometimes, a better representation is obtained by introducing
types so that the function is total on a type.

I Sometimes, this is not possible.
I E.g., take the function that maps people to their shoesize. This

is a partial function. It is only defined for people with feet.

I Solution to represent a partial function F/n :, use instead
n + 1-ary predicate symbol GF/n + 1 called its graph.
I To express Shoesize(Bob) < 44, write
∃x(G Shoesize(Bob, x) ∧ x < 44): this implies Bob has feet.

112 / 259



The conditional and material implication

I One of the most overloaded NL connectives is “if . . . then
. . . ”.

I This is called the conditional in linguistics.

I In linguistic studies, more than 30 different meanings have
been distinguished.

I Material implication, as embodied in FO, captures just one of
these meanings.

I Unavoidably, some conditional statements in natural language
will not be correctly represented by material implication in FO.
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The conditional and material implication

I Compare:
I If you succeed for all courses, then you pass.

I Proposed formalization:

(∀c Succ(c))⇒ Pass

I There is a course such that, if you succeed for it, you pass
I Proposed formalization:

∃c(Succ(c)⇒ Pass)

I Are the NL statements equivalent? No!

By possible world analysis: our university satisfies the first but not
the second formula.

I Are the proposed formalizations logically equivalent? Yes!

I This means that at least one of these FO sentences does not
correctly formalize the corresponding NL-statement. Indeed, the
problem is with ∃c(Succ(c)⇒ Pass).
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Material implication

The following derivation is a correct proof:

∃c(Succ(c)⇒ Pass)
is logically equivalent to ∃c(¬Succ(c) ∨ Pass)
is logically equivalent to (∃c(¬Succ(c))) ∨ Pass)
is logically equivalent to (¬∀c Succ(c)) ∨ Pass)
is logically equivalent to (∀c Succ(c))⇒ Pass

Every step is correct. The only reason why it surprises us is that
one of the original sentences does not mean what we think it
means.
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Material implication

The paradox on the previous slides is similar to Smullyans drinkers
paradox. https://en.wikipedia.org/wiki/Drinker_paradox
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Material implication: Explanation

I All connectives of FO are extensional. This means that a
composite formula and its components are all interpreted in
the same structure. E.g., consider “A |= ψ ∧ φ iff A |= ψ and
A |= φ”. We see that ψ ∧ φ and its subformulas are evaluated
in the same structure A.

I Natural language frequently uses intensional phrases, in which
subpropositions are evaluated in other states of affairs than
the one in which the composite proposition is evaluated.

I Intensional propositions cannot be expressed in FO.
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There is a course such that, if you succeed for it, you pass

I This statement is about the set Wex of possible states of affairs of a
student participating in exams and obtaining his degree. The
possible states are those acceptable to the faculty law. E.g., that
law says that in a situation where a student fails all exams and
obtains his degree is impossible.

I This sentence means to say that there is a course c such that in
every possible state of affairs A ∈Wex where the student succeeds
for c , he obtains this degree. So, any state of affairs where the
student succeeds for c but does not pass is impossible.

I This is an intensional statement since the subformula
Succ(c)⇒ Pass is evaluated in a range of states of affairs that
differ on the values of Succ and Pass.

I It is indeed false. For any course c take the state of affairs where
the student succeeds only for c and fails for all other courses. In
this state, a student will not obtain his degree.

I Frequently, conditionals in natural language are intensional.
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Intermezzo: modal logic

I The branch of logic that studies intensional language
constructs is modal logic.

I A historically famous example of an intensional NL sentence
dates from Frege.

The morning star is the evening star but it is not necessarily
the case that the morning star is the evening star”

What it expresses is: (in the actual state of affairs) the
morning star is the same object than the evening star but
imaginable states of affairs exist in which the morning star is a
different object than the evening star.

I Context: depending on its position relative to Earth, Venus is
sometimes seen in the morning and at other times, it is seen
in the evening. Old greeks distinguished between the morning
star and the evening star. Later they discovered that it was
the same planet.
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Intermezzo: material implication

I The many meanings of the conditional have caused quite a bit
of confusion and controversy about material implication.

I The material implication is probably the most commonly
applied form of conditional in natural language and certainly
in formal modelling.

I Material implication is needed for modelling. If one needs
others, then one has to add them as separate implication
symbols.

I We will introduce another conditional as an extension of FO
later in this chapter.
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Homework 17: Suppose that for the predicate P/3, the following
functional dependencies exist: 1→ 2, and 1→ 3, meaning that
both second and third argument are functionally dependent of the
first. Express this in FO.

Homework 18: Given that P/3 has the functional dependencies
described in the above homework, this means that P/3 can be
decomposed in two separate predicates Q/2 and R/2 that are the
projections of P on respectively 1st and 2nd argument, and 1st
and third. Define Q and R in terms of P, and express in logic that
this decomposition is equivalence preserving.
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Choosing Σ

I A vocabulary Σ determines the structures, hence, the
abstractions, the ”mathematical images” of your domain.

I Designing a vocabulary involves choosing what to express,
how to model it in mathematical form, and what detail is
irrelevant and can be abstracted away.
I identifying relevant objects, relations and functions, choosing

non-logical symbols to represent them — object, predicate and
function symbols.

I The result is a vocabulary Σ together with its intended
interpretation.

I This combination is called an ontology.
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Intermezzo: Choosing Σ

I An ontology is a set of informal concepts that are relevant to
the domain of discourse, plus a choice of formal non-logical
symbols to represent these.

I Building an ontology is important in all modelling and
programming languages. E.g., databases, ontology languages,
knowledge representation languages.

I E.g., a solid design methodology useful to design both
database schema’s as well as logical vocabularies is ORM:
Object-Role Modeling from Terry Halpin, Microsoft.

See https://www.semanticscholar.org/paper/

Object-Role-Modeling%3A-an-overview-Halpin/

670e0b6c3f3c637f1333f478683740bc01281950
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Intermezzo: the wine ontology in the ontology language RDF

http://cobra.umbc.edu/images/exp wine ont.jpg
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Intermezzo: ontologies of databases

Entity-Relationship Schema

Employee

PaySlipNumber(Integer)

Salary(Integer)

Project

ProjectCode(String)

Manager

TopManagerAreaManager

×

Works-for

Manages

(1,n)

(1,1)

(1,1)

(5/38)
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I When an application area evolves, the complexity of concepts
usually increases. Vocabularies need to be adapted.

I An (funny) illustration for the concept of marriage is found at
https://web.archive.org/web/20170204113309/https:

//qntm.org/gay.

I Changes to the vocabulary induce changes to the logical
theories in this vocabulary.

I Methodologies to minimize the impact of such changes are
desirable.
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Example
What happens with a theory containing the purchase relation Purchase/2 ,
when this concept evolves over time and meta-data is added:

I Purchase(Bob,Volvo)

I Purchase(Bob,Volvo, 25000Eur)

I Purchase(Bob,Volvo, 25000Eur , 22/9/2017)

I Purchase(Bob,Volvo, 25000Eur , 22/9/2017,VolvoHeverlee)

I . . .

Changing arity has big impact on the theory.
Solution: reification: replacing a relation by a set of domain elements and a set
of attribute relations and functions.

I Purchase(P394) % identifier of the purchase

I Buyer(P394,Bob)

I ItemBought(P394,Volvo)

I PricePaid(P394) = 25000Eur

I . . .

Adding more attributes relations has no impact on the theory.
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Typed FO: FO(Types)

I In standard FO, there is a unique base type where all
quantification, functions and predicates range over.

I Just like in other languages, types in FO can often be useful
I (1) to improve the precision of the modeling and
I (2) reduce the amount of human errors.

E.g., in the earlier example of graph colouring, there are two
natural types: vertices and colors. We would like to define the
colouring function as a function from vertices to colors so that
it is not defined on colors.

I Adding a simple type system to FO is easy. The language of
IDP is an example of how to do this. In the next slide, the
differences are sketched.
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FO(Types) : a typed modelling logic

Values:

I the domain of basic objects is split up in multiple subdomains
D1, . . . ,Dn;

I functions are mappings defined on cartesian products
D1 × · · · × Dn → D,

I relations are subsets of cartesian products D1 × · · · × Dn.
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Adding types to FO

I Given a set Tb of base type symbol bt1, . . . , btm, . . . , a type
term is of the form t1 × · · · × tn → tn+1, n ≥ 0 where ti are
base type symbols and tn+1 may be B.

I A type expression with tn+1 = B, with B the boolean type, is
a predicate type term, any other is a function type term. We
call such type terms also signatures.

I A vocabulary Σ is consists of a set Tb of base type symbols
and a set of function and predicate symbols each having a
unique signature over Tb.
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Adding types to FO

I A structure A of vocabulary Σ consists of:
I per type symbol t ∈ Σ, a domain tA,
I per function symbol f of signature t1 × · · · × tn → t, a value

f A : tA1 × · · · × tAn → tA;
I per predicate symbol p of signature t1 × · · · × tn → B, a value

pA ⊆ tA1 × · · · × tAn ;

Structures assign domains to types and values of the right
type to predicate and function symbols.
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FO(Types) : a simple typed modelling logic

I Syntax:
I An expression is an FO(Types) expression if it is an

FO-expression and it is well-typed: the type of each
subexpression occurrence matches the type of the argument
position in which it occurs.

I Semantics:
I the definition of term evaluation and satisfaction is the same

as in FO, except that it is modified on two places: the
inductive rules for the quantifiers. Below, we assume that
variable x has type tx .

I A |= ∀xϕ if for all d ∈ tAx , A[x : d ] |= ϕ
I A |= ∃xϕ if for some d ∈ tAx , A[x : d ] |= ϕ.
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FO(Types)

I A common terminology in classical logic is to call a type a
sort.

I The simple form of typed logic in which sorts are disjunct, is
called many-sorted logic.

I An extension is order-sorted logic: sorts can have subsorts.

I The IDP system supports order-sorted logic.

I IDP performs type derivation for variables. That is, it
“guesses” the type of variables from the positions in which it
occurs.

135 / 259



In IDP:

I A typed vocabulary contains a set of (base) type symbols
t1, . . . , tn and a set of typed predicate symbols P(t1, .., tm)
and function symbol F (t1, .., tm) : t.

I Each variable x has a unique type tx . This type may be
declared at the quantifier as in ∀x [t] . . . . Or its type may be
inferred by type inference.

I Type hierarchies can be built.
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Example

Graph-colouring:

I Types Vertex and Col

I Symbols G(Vertex,Vertex), Colour(Vertex):Col

I A well-typed axiom
! x y : (G(x,y) => Colour(x)∼=Colour(y)).
Variables x, y are derived to be of type Vertex.

I Explicit typing:
! x[Vertex] y[Vertex] : (G(x,y) =>

Colour(x)∼=Colour(y)).
I Badly typed on variable y:
! x y : (G(x,y) => Colour(x)=y).
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FO(Types) is obviously at least as expressive as FO:

I we can map an untyped vocabulary/structure/expression to a
typed version using a single type.

But also the inverse is true: for the simple type system introduced
above, types can be removed by making them explicit as unary
predicates. This can be done in an equivalence preserving way.

I E.g.,
! x[Vertex] y[Vertex] : (G(x,y) =>

Colour(x)∼=Colour(y))
can be expressed as the untyped expression:
! x y: Vertex(x) & Vertex(y) => (G(x,y) =>

Colour(x)∼=Colour(y))

138 / 259



FO(Types,Arit)

I FO(Types) is a good basis for adding interpreted types.
I FO(Types,Arit) is obtained by adding the integer numbers:

I type symbol int
I numerals: the standard symbols e.g., 0, 12,−5, . . . for

denoting numbers (confer Chapter II)
I the standard arithmetic symbols

+,×, ˆ(power), <,≤, >,≥, . . . of the integer type for denoting
the key numerical functions.

I Their value in every structure A is the obvious one.
I E.g., the value 12A of numeral 12 in A is the number 12.
I E.g., the value < A of symbol < in A is the standard strict

order relation < on integers, that is, {(n,m) ∈ Z2 | n < m}.
Notice the difference between a symbol and a value. Here, we
used colors to distinguish between them, e.g., the value of the
symbol/string 12 is the number 12.
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FO(Types,Arit)

I Now we can use integer arithmetic in our theories.
I E.g., Fermats last theorem is now formalized as follows:

¬∃x∃y∃z∃n(n > 2 ∧ x ˆn + y ˆn = z ˆn)

(It is true, but was not easy to prove (>300years).)

I We can do the same for other types of numbers N,Q,R.

I IDP currently only supports finitely bounded arithmetic. Every
numerical symbol has to be declared to be an element of a
finite subtype of integers.
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IDP example

vocabulary V{
type someIntegers isa int

C1 : someIntegers

C2 : someIntegers

}
theory T: V{

C1 + C1 = C2.

}
structure S:V{

someIntegers = {1..5}
}

I a subtype declaration using isa
I A bounded integer type declaration {1..5}
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Second and higher order logic
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Second order logic (SO)

I This logic is identical to FO, except for one “detail”: it is
allowed to be quantify over predicate variables and function
variables.

∃P : ψ,∀P : ψ,∃f : ψ,∀f : ψ

I For the semantics, nothing changes, except for more general
semantic rules for quantification:

A |= ∃P : ψ if there exists R ⊆ Dn
A, A[P : R] |= ψ

There should be a match between the arity of P and R.

I SO is much more expressive than FO.
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An example

Express that binary predicate T is the symmetric closure of G , the
smallest symmetric graph that includes G .

I We use the auxiliary FO formula ϕ[P] expressing that some P
is a symmetric relation that includes a binary relation G .

∀x∀y(G (x , y)⇒ P(x , y)) ∧ ∀x∀y(P(x , y)⇒ P(y , x))

I We express that the relation symbol T/2 is the least relation
that satisfies ϕ.
I T is a symmetric relation expanding G :

ϕ[T ]
I T is subset of every symmetric relation P expanding G .

∀P(ϕ[P]⇒ ∀x∀y(T (x , y)⇒ P(x , y)))

The variable P is an SO variable of the binary relation type.
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The full formula is then:

∀x∀y(G (x , y)⇒ T (x , y)) ∧ ∀x∀y(T (x , y)⇒ T (y , x))∧
∀P[(∀x∀y(G (x , y)⇒ P(x , y)) ∧ ∀x∀y(P(x , y)⇒ P(y , x)))
⇒ ∀x∀y(T (x , y)⇒ P(x , y))]

This is an SO formula since it quantifies over predicate variable
P/2.

Homework 19: Express that T/2 is the transitive closure of G/2 in
SO.
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Higher order logic (HO)

I In HO, the domain is extended with higher order objects: sets
and functions of sets or functions.

I Predicate and function symbols and variables can range over
such higher objects.

I The next slide contains an example.
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Given binary relations G1,G2 graphs on the same set of vertices V .
What does the following HO theory express?

I Elements of the higher order set H map vertices to vertices.

∀f (H(f )⇒ ∀x(V (x)⇒ V (f (x)))

I Elements of H map different vertices to different vertices.

∀f (H(f )⇒ ∀x∀y(x 6= y ⇒ f (x) 6= f (y)))

I Elements of H map to each vertex.

∀f (H(f )⇒ ∀x(V (x)⇒ ∃y(V (y) ∧ f (y) = x)))

I Elements of H map edges to edges.

∀f (H(f )⇒ ∀x∀y(G1(x , y)⇔ G2(f (x), f (y))))

H is a set of isomorphisms between G1,G2. 148 / 259
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Adding a small set of useful higher order functions: aggregates
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FO(Types,Arit,Agg)

I Sometimes, it is useful to be able to talk about properties of
sets, e.g., its cardinality.

∀c∀r(Course(c)∧Room(c , r)⇒ #{y : Enr(y , c)} ≤ Capac(r))

The room in which some course is taught must be larger than
the number of students enrolled in the course.

I # is the cardinality aggregate and represents the function
from sets to natural numbers.

I It takes as argument a set expression {(x1, . . . , xn) : ϕ}.
I It denotes the cardinality of the set represented by this set

expression.
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FO(Types,Arit,Agg)

Aggregates are higher order functions:

I #{(x1, . . . , xn) : ϕ} represents the function mapping a set to
its number of elements.

I Min{x : ϕ} represents the function mapping a set of integer
numbers to its least number.

I Max{x : ϕ} represents the function mapping a set of natural
numbers to its largest number.

I Sum{(x , x1, . . . , xn) : ϕ} represents the function from a set of
tuples to the sum of the first arguments of these tuples:

Sum{(x , x1, . . . , xn) : ϕ} =
∑

{(x ,x1,...,xn):ϕ}

x
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The sum aggregate

I Expressing that the study load of a student should be less
than 65 study points:

∀s(Sum{(l , c) : SelCourse(s, c) ∧ StudyPoints(c , l)} ≤ 65)

In words: the sum of the first arguments of all tuples in the
set of tuples (l , c) such that l is the number of study points of
a course followed by a student s should be less than 65, for
each student s.

I Defining the total studyload StudyL/1 : of a student:

∀s StudyL(s) = Sum

{
(l , c) :

(
SelCourse(s, c)∧
StudyPoints(c , l)

)}
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The sum aggregate

∀s(Sum{(l , c) : SelCourse(s, c) ∧ StudyPoints(c , l)} ≤ 65)

I Why do we sum over the first arguments of tuples, why do we
need the other arguments?
I Compare the above constraints with the following one:

∀s(Sum{l : ∃c(SelCourse(s, c) ∧ StudyPoints(c , l))} ≤ 65)
I Imagine that a student Bob follows 10 courses c1,..,c10 of 8

study points each. His total load is 80, far above the threshold.
I Now compare the sets
{(l , c) : SelCourse(Bob, c) ∧ StudyPoints(c , l)}
{l : ∃c(SelCourse(Bob, c) ∧ StudyPoints(c , l))}
What is the sum of these sets?

I Respectively 80 and 8. Therefore, the second constraint is
wrong, is too weak. By adding more arguments, we can
distinguish between different occurrences of the same study
load for different courses.
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Extending FO to FO(Agg)

We extend the inductive definition of expression (page 21) with
new inductive rules and even a new sort of expression.

Definition (of expression)

I . . .

I If x̄ is a tuple of variable symbols, ϕ a formula, then {x̄ : ϕ} is
a set expression (also called a set comprehension).

I If s is a set expression and Agg is an aggregate symbol (e.g.,
#,Sum,Min, . . . ) then Agg(s) is a term (called an aggregate
term)
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Extending FO to FO(Agg)

To extend the evaluation function and satisfaction relation, we
assume that each aggregate function Agg has a value AggA in
structure A. E.g., #A is the function that maps sets of (tuples of)
domain elements to the number of its elements.

Definition

I . . .

I {x̄ : ϕ}A = {d̄ |A[x̄ : d̄ ] |= ϕ}
I Agg(s)A = AggA(sA)

(That is all it takes.)
Thus, the value of a set expression is the set of tuples of domain
elements.
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Now we obtain a well-defined syntax, satisfaction relation, informal
semantics and hence, a well-defined modelling logic.
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In IDP, aggregates are represented in a slightly different syntax:
I number of elements of P

#{x,y: P(x,y)}
I sum of x+y, for all (x,y)∈ P

sum{x,y: P(x,y) : x+y}
I minimum of set { x : Q(x)& R(x)}

min{x: Q(x)& R(x) : x}
I maximum :

max{x: Q(x)& R(x) : x}
I Nesting is allowed, as in:

Pnest= sum{x[num]:x=#{y:Q(x,y)} : x }.
http://dtai.cs.kuleuven.be/krr/idp-ide/?present=Agg

Homework 20: Experiment with different input/output.
I Compute value aggregate expressions from values for P, R.
I Compute values of P, R from value aggregates expressions.
I Compute minimal structure satisfying aggregates expressions.
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There is a difference in the theoretical language en the concrete
language of IDP.
E.g. sum{x,y: P(x,y) : x+y}
is concrete syntax for the aggregate expression:

Sum{(z , x , y) : P(x , y) ∧ z = x + y}

Homework 21: Translate each concrete expression of the previous
slide in an equivalent expression in the theoretical language and
vice versa.
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FO(ID): adding definitions to FO

I Definitions are a basic knowledge component in mathematical
and scientific domains.

I In general, they are an important form of human knowledge in
all complex application domains.

I Expressing them in FO (using equivalences) is not always
possible (in case of inductive definitions), and often destroys
the natural modular structure of definitions.

I We extend FO with a language construct to modularly express
them, resulting in FO[ID] and FO[Types,arit,Agg,ID] = FO(.).
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Terminology

I A definition specifies a defined concept in terms of other
concepts called parameter concepts.

I Example:

“x is a brother of y if x is male, x and y differ and x and y
have the same parents”

I Defined concept: the brother relationship
I Parameter concepts: male and parent relationships
I The definitional if is not the standard conditional.
I The definiendum: x is a brother of y
I The definiens: x is a male, x and y differ and x and y have the

same parents
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The definitional conditional

Homework 22: The meaning of the word ‘if’ is different in the
following sentences:

I A person is European if that person is a Greek.

I A person is a parent if this person is at least one child.

What is the difference?
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“Non-formal” definitions, from easy to complex

I Definition by exhaustive enumeration. E.g.,

Instructor/2

Ray CS230
Hec CS230
Mar HD87

I Most definitions are non-inductive. E.g.,
I x is a brother of y if x is male, x and y differ and x and y have

the same parents.

I Simple inductive definitions:
I A constant is a term.
I If t1, . . . , tn are terms and f is an n-ary function symbol then

the string f (t1, . . . , tn) is a term.

I Definitions over an induction order
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“Non-formal” definitions, from easy to complex

Definitions over an induction order

I Function definition over an induction order: the factorial
function fac , defined over the order of numbers.
I fac(0) = 1.
I fac(n + 1) = (n + 1)× fac(n)

I Definition of a set over an induction order: the satisfaction
relation |= (propositional logic) defind over the subformula
order.
I A |= P if P ∈ A
I A |= φ ∧ ψ if A |= φ and A |= ψ.
I A |= φ ∨ ψ if A |= φ or A |= ψ.
I A |= ¬φ if A 6|= φ.

We define an object in terms of strictly lower objects in the
induction order.

165 / 259



Informal definitions, from easy to complex

Observations:

I Many definitions have different cases.
I The induction process:

I iterated application of rules,
I following the induction order if there is one.

I In Chapter 7 we will see that some types of definitions cannot
be expressed in FO. This is the motivation to extend FO with
a definition construct.

166 / 259



The formal definition construct of FO(ID)

Definition
A definition ∆ is a set of definitional rules:

∀x̄(P(t̄)← ϕ)

where

I x̄ is a sequence of variables x1 . . . xm,

I t̄ is a tuple of n terms, with n the arity of P,

I ϕ is a FO-formula,

I the rule has no free variables.
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A definition ∆ is a set of rules of the form:

∀x̄(P(t̄)← ϕ)

I Each predicate P in the head of a rule is called a defined
predicate of ∆.

I Any other non-logical symbol that appears in a rule body is
called a parameter or an open symbol of ∆.

I The symbol ← is called the definitional implication
(6= material implication!!).

I A definition is called inductive or recursive if one of its defined
predicates occurs in the body of a rule.

I The rules preserve the modular case-based structure of many
definitions.
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Examples: non-inductive definitions
Definition by exhaustive enumeration:

Instruct/2

Ray CS230
Hec CS230
Mar HD87

is formally represented as:
Instruct(Ray ,CS230)←
Instruct(Hec,CS230)←
Instruct(Mar ,HD87)←


Here the empty body stands for “true”.

Notice: the “construction process” for this definition:

I Start from the empty set

I Apply the three rules.

I We obtain the desired set
Instruct = {(Ray ,CS230), (Hec,CS230), (Mar ,HD87)}.
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Question: Explain the difference between this definition and the
formula

Instruct(Ray ,CS230) ∧ Instructor(Hec ,CS230) ∧ Instructor(Mar ,HD87)

by giving a structure that is a model of one and not of the other.

Answer:
I Every model of the definition satisfies the conjunction.
I There are (many) models of the conjunction that do not

satisfy the definition. Here is one Herbrand structure A.
I DA = {Ray ,Hec ,Mar ,CS230,HD87}
I InstrucA =
{(Ray ,HD87), (Ray ,CS230), (Hec ,CS230), (Mar ,HD87)}

I The conjunction is true in A, the definition is not
true/satisfied in A because there of the wrong tuple.

I The definition entails ¬Instruct(Ray ,HD87). The conjunction
does not entail this.
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Non-inductive definition:
∀x(European(x)← Albanian(x))
∀x(European(x)← Armenian(x))
. . .
∀x(European(x)← Turkish(x))
∀x(European(x)← Ukrainian(x))


50 cases.
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Non-inductive definition with two cases: uncles. There are two
cases: parents brothers, and aunts husbands.

∀x∀u(Uncle(x , u)← ∃y(Parent(x , y) ∧ Brother(y , u)))
∀x∀u(Uncle(x , u)← ∃y∃s( Parent(x , y) ∧ Sister(y , s)∧

Married(s, u))))
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Example: a monotone inductive definition

Two non-formal definitions of the set R of nodes reachable from
node A in graph G :

I Non-inductively: x is reachable if there is a path from A to x
in G of length ≥ 0 (so A is reachable from itself).

I Inductively:
I A is reachable.
I If y is reachable and (y , x) ∈ G then x is reachable.

Expressing the inductive definition formally:

I Σ = {A/0 :,G/2,R/1} with the obvious intended
interpretations.

I The formal definition:{
R(A)←
∀x(R(x)← ∃y(R(y) ∧ G (y , x)))

}
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The induction process: example{
R(A)←
∀x(R(x)← ∃y(R(y) ∧ G(y , x)))

}
I Evidently, the induction process and the defined set depends of course on

the values of G and A.

I Let GA be the graph {(a, b), (b, c), (c, b), (a, e), (d , d)} and AA = a.

One induction process is as follows:

I R := ∅
I R := R ∪ {a} (base rule)
I R := R ∪ {b} (inductive rule, since a ∈ R, edge a→ b)
I R := R ∪ {c} (inductive rule, since b ∈ R, edge b → c)
I R := R ∪ {e} (inductive rule, since a ∈ R, edge a→ e)
I Saturation: every rule is satisfied.

We obtain R = {a, b, c, e}. This is the set of nodes that can be reached
from AA = a with a finite path. The only vertex that cannot be reached
is d .

Homework 23: Verify that for these values of G ,A, other induction processes
(by applying the rules in a different order) determine the same outcome.
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Example: a definition over an induction order

Definition
We define A |= ϕ by induction on the structure of ϕ:
- A |= P if P ∈ A
- A |= α ∧ β if A |= α and A |= β;
- A |= α ∨ β if A |= α or A |= β;
- A |= ¬α if A6|=α (i.e., not A |= α)

I The induction order is the subformula order.
I The ¬-rule is non-monotone inductive rule:

I its body contains a negative occurrence of the defined relation.
I a non-monotone rule adds new elements given the absence of

other elements in the rule.

I With non-monotone rules, the induction process should
execute the rules in the right order, here subformulas first.
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A simplified formal example of a non-monotone definition

I Informal definition: We define the even numbers by induction
on the order of numbers:
I 0 is even.
I n + 1 is even if number n is not even.

I Its formal representation:{
∀x(E (x)← x = 0)
∀x(E (x + 1)← ¬E (x))

}

I The next slide shows a right and a wrong induction process
and what happens if one does not obey the induction order.
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The induction process of the example{
∀x(E (x)← x = 0)
∀x(E (x + 1)← ¬E (x))

}
I A correct induction proces:

I E := ∅
Now, every number is derivable; the least one is x = 0.

I E := {0}
Now, every number is derivable except for x = 1; the least
underived one is x = 2.

I E := {0, 2}
Every number is derivable except x = 1, 3; the least underived
one is x = 4.

I E := {0, 2, 4}
I E := {0, 2, 4, 6}
I . . .

The limit of this process is the set of even numbers.
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The induction process of the example

{
∀x(E (x)← x = 0)
∀x(E (x + 1)← ¬E (x))

}

I A wrong induction process:
I E := ∅
I E := {3} (induction order not respected)
I E := {3, 0}
I E := {3, 0, 2}
I E := {3, 0, 2, 5}
I E := {3, 0, 2, 5, 7}
I . . .

Notice that, while initially 3 can be derived, after deriving 2, 3
cannot longer be derived. The derivation of 3 was unsafe.
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The induction order

I The induction order should capture the dependencies
expressed in the rules.
I E.g., E (3) is defined in terms of E (2), therefore E (2) should

be lower in the induction order than E (3). This is true since
2 ≤ 3.

I E.g., A |= ψ ∧ φ is defined in terms of A |= φ and A |= ψ,
hence A |= φ and A |= ψ should be lower in the induction order
than A |= ψ ∧ φ. This is the case since φ, ψ are subformulas.

I The induction order should be a well-founded order: no
infinite descending chains x0 > x1 > . . . . Otherwise, there
would not be a base case of the definition.
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The formal semantics of definitions in FO(ID)

I A mathematical definition of A |= ∆ is not in this course.

I If you are interested: the formal semantics of definitions in
FO(ID) is an extension of the well-founded semantics of logic
programming.

I It can be argued that this formal semantics correctly
formalizes the informal semantics of a broad class of formal
inductive definitions.
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The logic FO(ID)

Definition
An FO(ID) theory is a set of FO sentences and FO(ID) definitions.

I Informal semantics: as described earlier.
I Formal semantics:

I A |= T if A |= ϕ, for every FO sentence ϕ ∈ T and A |= ∆,
for every definition ∆ ∈ T .
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I An FO(ID) theory never contains a rule, it can only contain a
set of rules. I.e., every rule appears in a definition in the
theory.

I E.g., the following set of expressions is not an FO(ID) theory.

∀x∀y(G (x , y)⇒ F (x) = F (y))
∀x∀y∀z(G (x , y)← G (x , z),G (y , z))

A theory does never contain an isolated definitional rule.
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There is a big difference in the meaning of a definition and the set
of material implications that corresponds to the rules. Take care
that you understand that.
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Definitions versus material implications

Compare :

T1 =

{ {
∀x∀y(Parent(x , y)← Father(x , y))
∀x∀y(Parent(x , y)← Mother(x , y))

} }
with

T2 =

{
∀x∀y(Parent(x , y)⇐ Father(x , y))
∀x∀y(Parent(x , y)⇐ Mother(x , y))

}
A very different meaning.

I Take the structure A with
DA = {Bob, Jane,Tom},FatherA = MotherA = ∅.

I A has a unique expansion that is a model of T1: ParentA = ∅.
I A has many expansions being a model of T2: ParentA can be

any set of tuples (there are 29 possible extensions).
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Definitions versus material implications

Explanation:
I A material implication is true if its condition is false or its

conclusion is true.
I If its conclusion is true, the truth of its condition does not

matter.
I If its condition is false, the truth of the conclusion does not

matter.

I In a definition:
I For some defined atom to be true, it should be derived by at

least one rule whose body is true. That is a big difference.
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Definitions versus material implications

I If for a set of material impliciations, the conditions are false,
then the conclusions are arbitrary, they can be true or false.
In the corresponding set of definitional rules, then all the
conclusions should be false.

I Is this an important difference? You bet.
I Compare numbers of models with n persons and empty
Father ,Mother relations.
I According to the definition, the Parent relation is empty. Nr of

models: 1.
I According to the implications, the Parent relation is arbitrary.

Nr. of models: 2n2
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Recall that there are many conditionals in NL. Here we see that
also FO(ID) contains 2 different conditionals: ⇒ and ←!
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Homework 24: Take an arbitrary FO(ID) definition on these slides,
and show that it disagrees with the corresponding set of FO
material implications, by showing a model satisfying one and not
the other.
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Definition by simultaneous induction

Defining multiple predicates at the same time in the natural
numbers: 

∀x(Even(x)← x = 0))
∀x(Odd(S(x))← Even(x))
∀x(Even(S(x))← Odd(x))


Here imagine S/1 represents the successor function, mapping a
natural number n to n+1.
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Homework 25: Verify that we have seen already a mathematical
definition in this course showing simultaneous induction: the
definition of term and formula. Recall that formulas are defined in
term of terms, and we defined aggregate terms (e.g., #{x : ϕ}) in
terms of formulas.
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Inductive definitions with aggregates in FO(ID,Agg)

Express the following inductive definition:

A company A controls company B if the total sum of
the shares in company B owned by A or by companies
controlled by A is more than 50%.

Using the vocabulary

I Cont(x , y): company x controls company y .

I OwnsSh(x , y , s): company x owns s shares in company y .

{
∀a∀b(Cont(a, b)← Sum{(s, c) : (c = a ∨ Cont(a, c))∧

OwnsSh(c , b, s)} > 0.50)

}
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In the next slides, we investigate two alternative representations of
definitions:

I as equivalences in FO;

I as second order formulas SO.
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I Definitions and the corresponding set of material implications
have a strongly different meaning.

I However, intuitively we expect that many definitions can be
expressed also in FO, using equivalences. E.g., the following
formula for brother relation:

∀x∀y(Brother(x , y)⇔ Male(x) ∧ x 6= y∧
∀z(Parent(z , x)⇔ Parent(z , y)))

I Compare this with the FO(ID) definition with one rule:{
∀x∀y(Brother(x , y)← Male(x) ∧ x 6= y∧

∀z(Parent(z , x)⇔ Parent(z , y)))

}

I Below, we investigate the equivalence.
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Predicate completion for definitions
The predicate completion transforms a definition ∆ in FO(ID) to an FO theory
Comp(∆) in the following three steps:

I Making rule heads in definitions uniform:

∀x̄(P(t̄)← ϕ)
↓

∀ȳ(P(ȳ)← ∃x̄(ȳ = t̄ ∧ ϕ)

I Combine sets of uniform rules for each defined P in one rule.

∀ȳ(P(ȳ)← ϕ1)
. . .

∀ȳ(P(ȳ)← ϕn)
↓

∀ȳ(P(ȳ)← ϕ1 ∨ · · · ∨ ϕn)

I Translate each rule into a FO equivalence:

∀ȳ(P(ȳ)← ϕ)
↓

∀ȳ(P(ȳ)⇔ ϕ)
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Some explanation for previous slide:

I For rule ∀x̄(P(t̄)← ϕ) with P/n, ȳ is a tuple (y1, . . . , yn) of
distinct fresh variables not occurring in the rule.

I The equation ȳ = t̄ stands for the conjunction
y1 = t1 ∧ . . . ∧ yn = tn.
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Example

{
Day(Sunday)←, . . . ,Day(Saturday)←

}
→{
∀x(Day(x)← x = Sunday), . . . ,∀x(Day(x)← x = Saturday)

}
→ {

∀x(Day(x)← x = Sunday ∨ · · · ∨ x = Saturday)
}

→
∀x(Day(x)⇔ x = Sunday ∨ · · · ∨ x = Saturday)
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Example

{
R(A)←
∀x(R(x)← ∃y(R(y) ∧ G (y , x)))

}
→ {

∀x(R(x)← x = A)
∀x(R(x)← ∃y(R(y) ∧ G (y , x)))

}
→ {

∀x(R(x)← x = A ∨ ∃y(R(y) ∧ G (y , x)))
}

→
∀x(R(x)⇔ x = A ∨ ∃y(R(y) ∧ G (y , x)))
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Example

Homework 26: Apply predicate completion to some of the
definitions that we have seen. E.g., that of Uncle or of Instructor .

198 / 259



Properties of predicate completion

I Predicate completion transforms every non-inductive definition
in a FO explicit definition (see page 93).

I But comp(∆) is also defined for inductive definitions.
I Does this transformation preserve logical equivalence?

I Yes, for non-inductive definitions;
I Not in general for inductive definitions.

Theorem
If ∆ is a non-inductive definition, then ∆ and Comp(∆) are
logically equivalent.

Theorem
If ∆ is an inductive definition, then ∆ logically entails Comp(∆)
but they are not always equivalent.

Every model of ∆ is a model of Comp(∆) but the inverse is not
always true.
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A smallest counterexample

We compare the formal reachability definition and its completion.

∆ =

{
R(A)←
∀x(R(x)← ∃y(R(y) ∧ G (y , x)))

}
Comp(∆) = ∀x(R(x)⇔ x = A ∨ ∃y(R(y) ∧ G (y , x)))

We show that they are not equivalent by producing a structure
that is a model of the second but not of the first.

Consider the structure A:
I DA = {1, 2}, AA = 1,
I GA = {(2, 2)}, RA = {1, 2}

Is A a model of the definition? And of the completion?

I There are no edges leaving AA(= 1). If we perform the
induction process on this graph, we obtain {1}. This is
different from RA, hence A is not a model of the definition.
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Homework 27: Verify that the two instantiations of the completion
are true in A:

R(1)⇔ 1 = A ∨ ∃y(R(y) ∧ G (y , 1))

R(2)⇔ 2 = A ∨ ∃y(R(y) ∧ G (y , 2))
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Homework 28: Use IDP to verify the non-equivalence of the
reachability definition and its predicate completion at
http://dtai.cs.kuleuven.be/krr/idp-ide/?present=

ReachCompletion

Verify that in the incorrect model of the completion, R(B) satisfies
the completed definition of R, despite the fact that B is not
reachable from A.
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Expressing monotone definitions in SO

I The set defined by a monotone inductive definition is the least
set satisfying the material implications that correspond to the
rules.

I In FO, we cannot express that some set is the least set
satisfying a condition. However, in SO we can express this.
We saw an example of how to do this on page 145.

Homework 29: Use the technique on page 145 to express in SO
that R is the set of reachable vertices from A in G .
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Combining the power of FO and definitions
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An exmple of an FO(ID) theory

Consider the following FO(ID) theory about a graph G and node A.{
R(A)←
∀x(R(x)← ∃y(R(y) ∧ G (y , x)))

}
∀xR(x)

What does it express?
Every node is reachable by a finite path from A.
Notice that here, we know the reachable set, but not the graph nor
A! The reachable set is the set of all nodes/domain elements.
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A famous problem that can be naturally stated as the above
problem is the travelling salesman. Consider a map of cities with a
root city A and a road relation Road(x , y) meaning there is a road
from city x to y . The traveling salesmen problem is the problem of
computing a path from A that reaches every city exactly once.
Representation:

I Σ = {A,Road ,G}. Here, G is the “next” relation of the path.
I Part of the theory:{

R(A)←
∀x(R(x)← ∃y(R(y) ∧ G (y , x)))

}
∀x R(x)
∀x∀y(G (x , y)⇒ Road(x , y))

Extra axioms are needed to express that:
I G is a path starting at A.
I at most one outgoing stop, at most one incoming step.

Homework 30: Complete the specification.
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Homework 31: Think of other realistic problem where the value of
the defined concept is known and the values of parameter symbols
are searched for.
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Homework 32: Use IDP at http://dtai.cs.kuleuven.be/krr/
idp-ide/?present=ReachabilityIsTotal, to compute all
graphs G with domain {a, b} and value AA = a that satisfy this
theory. Next, extend the structure with value GA = {(a, a), (b, b)}
and try again to find models. Does it give what you expected?

Homework 33: Using the same url, you may try to replace the
definition of R by an equivalent FO formula. In particular, test
that graph GA = {(a, a), (b, b)} cannot be extended to a model of
your theory.

Homework 34: Think of a practical problem involving the
computation of a graph from which all nodes should be reachable
from vertex A.
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Lessons about definitions and IDP

Two lessons:

I Not all inductive definitions can be expressed as FO formulas.
(So, there was a good reason to extend FO for them.) We
still have to prove this.

I Inductive definitions are declarative propositions. They specify
information, not procedures. They cannot be run, they cannot
be executed, they dont do anything.

Intermezzo: The point is worth to be stressed, since there are
many rule formalisms and tools where rule sets are procedures.
E.g., Prolog systems, business rules systems, production rule
systems. At present, IDP is the only system that supports the
declarative view of rule sets as inductive definitions and is able to
reason about them in different input/output patterns
(parameters:in/out;defined symbols in/out).
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Homework 35: Express that binary relation T is the symmetric
closure of binary relation G using an inductive definition. We saw
already how to express this in SO.

Homework 36: Vice versa, express that R is the set of nodes
reachable from vertex A in binary relation G as an SO formula.

Homework 37: Given a transition structure M, and its translation
as a structure of Σ = {T/2,P1/1, . . . ,Pn/1} on page ??. We call
a state s terminating if there is no infinite path
s → s1 → s2 → . . . . Introduce a new unary relation symbol
Termin/1 and define it as the class of terminating states using an
inductive definition over Σ.

Homework 38: Do the same now for the class of non-terminating
states of M. You may introduce as many auxiliary symbols as you
need.
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Some familiar looking examples

{
∀x∀t(Member(x , .(x , t))← t)
∀x∀h∀t(Member(x , .(h, t))← Member(x , t))

}

{
∀l(Append(Nil , l , l)← t)
∀h∀t∀l∀t1(Append(.(h, t), l , .(h, t1))← Append(t, l , t1))

}

Do these look familiar to you?
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Haskell:

member a [] = False

member a (x:xs)

| a == x = True

| otherwise = member a xs

Prolog:

member(a,[a|_]).

member(a,[_|xs]) :- member(a,xs)

I Different programs, different execution.

I But there is something the same about them?

I They have the same declarative meaning: the same inductive
definition of membership
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I Two declarative programming paradigms are built on
inductive/recursive definitions:
I Logic and Functional Programming

I Prolog and Haskell programs have a procedural and a
declarative meaning.

I Seen as declarative languages, (subsets of) Prolog and Haskell
can be viewed as logics of (inductive/recursive) definitions.

I Seen as programming languages, they have a procedural
interpretation induced by a reasoning system that computes
the value of the defined predicates/functions.

214 / 259



An example logic program
parent child(trude, sally).

parent child(tom, sally).

parent child(tom, erica).

parent child(mike, tom).

female(trude).

sibling(X, Y) :- parent child(Z, X), parent child(Z, Y).

father child(X, Y) :- parent child(X, Y), not female(X).

mother child(X, Y) :- parent child(X, Y), female(X).

Queries:
?- father child(mike,tom).

True

?- father child(tom,X).

X=sally

X=erica

?- mother child(mike,tom)
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Declarative semantics of logic programs

I Originally, a logic program was viewed as a set of Horn
classes: these are simple material implications in FO.

I However, this cannot explain Prolog’s answers.
I E.g., the set of material implications does not entail

father child(mike,tom). Because it does not entail premise
¬ female(mike). Homework 39: Explain this.

I During 1975-90, an intensive search for alternative
explanation. Many formal semantics were defined; no
satisfactory informal semantics.

I 1998: Denecker argued that logic programs under the
well-founded semantics can be understood as a (modelling)
logic of inductive definitions.
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Relationship logic programs - definitions

Deneckers proposal:
I The semantics of a logic program is given by:

I UNA of all constant and function symbols
I Domain Closure Axiom (see later)
I The set of rules is a (parameter-free) definition defining all

predicate symbols.
I If no rule exists for a predicate, it is defined to be the empty

relation. E.g. if we delete the unique rule for female, female
is defined to be empty.

I negation as failure notP is classical negation ¬P.
I rule operator : − is not material implication but definitional

implication.

I This view explains the answers to all queries in the example.

I It works for recursive programs and gives a natural and precise
informal semantics to many logic programs.
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UNA is needed.
Homework 40: Show that the example logic program on page 215
viewed as a definition in FO(ID) without UNA, does not entail
father child(mike,tom). You need to sketch a structure that
satisfies the definition (but not UNA), in which this atom is false.
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Relationship logic programs - FO(ID)

I As a modelling language, logic programming is not expressive
at all.
I a logic program is categorical: has only one model; hence, no

incomplete knowledge can be represented in it.

I FO(ID) arose as an integration of extended LP with FO.
I FO(ID) theories extend logic programs

I No automatic UNA
I Definitions have Parameters!
I Multiple definitions
I FO and FO(.) axioms
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E.g., the binary reachability definition has parameter G/2.{
∀x∀y(R(x , y)← G (x , y))
∀x∀y∀z(R(x , y)← R(x , z) ∧ R(z , y))

}
On the other hand, in the following logic program, G/2 is defined
to be the empty relation:

R(x,y) :- G(x,y).

R(x,y) :- R(x,z), R(z,y).
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A database from a logic perspective

I A database DB contains information.

I What precisely is this information?

I We analyze this by building a theory Th(DB) that contains
exactly the same information.
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A database instance

Instructor

Ray CS230
Hec CS230
Sue M100
Sue M200
Pat CS238

PassingGrade

AAA
AA
A
B
C

Enrolled

Jill CS230
Jack CS230
Sam CS230
Bill CS230
May CS238
Ann CS238
Tom M100
Ann M100
Jill M200

Sam M200
Flo M200

Prerequ

CS230 CS238
CS148 CS230
M100 M200

Grade

Sam CS148 AAA
Bill CS148 D
Jill CS148 A

Jack CS148 C
Flo CS230 AA
May CS230 AA
Bill CS230 F
Ann CS230 C
Jill M100 B

Sam M100 AA
Flo M100 D
Flo M100 B
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I Given a database DB with a domain S = {C1, . . . ,Cn} of
constant symbols.

I We already saw three implicatures in a DB:
I UNA(S): expressing that different constants represent different

objects: for all i 6= j :
¬(Ci = Cj)

I DCA(S): no other objects than those in S :

∀x(x = C1 ∨ x = C2 ∨ · · · ∨ x = Cn)

I Comp(P): definitions of predicates:

∀x∀y(Instructor(x , y)⇔ (x = Ray ∧ y = CS230) ∨ . . .

or  Instructor(Ray ,CS238)←
. . .
Instructor(Pat,CS238)←
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I Have we expressed all information in DB? Or are there more
implicatures?

I How can we prove this?
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A database from a logic perspective

The database DB is a finite Herbrand structure

I DDB = S , the set of all symbols in tables;

I for each C ∈ S , CDB = C : each constant symbol C is
interpreted by itself;

I for each table name, PDB is the relation represented in the
table.

Theorem
For every Σ-structure A, A |= Th(DB) iff A is isomorphic to the
Herbrand structure DB.

I.e., Th(DB) is categorical (contains complete knowledge)

226 / 259



I Isomorphism theorem on page 73 entails for each ϕ:

ϕ is true in Herbrand structure DB iff Th(DB) logically entails
ϕ.

I In principle, a theorem prover applied to the theory Th(DB)
and some formula ϕ returns the same answers as the database
DB.

I This ensures that the theory contains the same information as
the database.
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A query Q as a set expression

{(x1, . . . , xn) : ϕ[x1, . . . , xn]}

The answer to this query is QDB , the value of the set expression in
the Herbrand structure.
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I The categoricity of Th(DB) shows that the notion of database
as a finite structure is unsuited to express incomplete
information.

I Databases have been generalized a bit to represent certain
forms of incomplete knowledge.

I In logic, such generalisations are modelled by relaxing Th(DB).
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Relaxing Th(DB): open domain knowledge

I Relaxing the domain closure by dropping DCA(S).
Th(DB) = UNA(S) ∪ {Comp(P) | P is a database predicate }

I This theory has a class of non-isomorphic models which differ
only from DB by having additional domain elements.

I There is a (very) important class of queries that can still be
answered in a unique way: domain independent formulas and
queries.
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I A domain dependent query is a query
{(x1, . . . , xn) : ϕ[x1, . . . , xn]} the answer of which depends on
the domain of the structure.
E.g.,

{x : x = x}

I The answer to this query is DDB .

I Answers to such queries cannot be computed with the
relational algebra methods used in database systems.

I Domain dependent queries cannot even be expressed in SQL:
all SQL queries are domain independent.

I It is more realistic to say that a database has open domain
knowledge. It does not know its domain.
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Domain (in)dependence

I The value of domain dependent queries in a structure depends
on the domain of the structure.

I Hence, such queries have different values in different models
of the relaxed Th(DB); hence, they do not have a unique
answer.
I {x : x = x}
I {x : ¬PassingGrade(x)}

I This is an information-theoretic explanation why SQL does
not allow such queries to be expressed: a database does not
know the answer to them since it does not know the domain.
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Relaxing Th(DB): null-values

I In some database systems, one can use the “value” NULL,
called the null-value, in a row.

Instructor

Ray NULL
Hec CS230
Sue M100
NULL M200
Pat CS238

I What does it mean?
I Sometimes, this is meant to mean that there is no value.
I Sometimes, it is meant to mean that the value is unknown.

Let us take the second option.

I Intuition: Ray teaches but we do not know which course, and
we do not know who teaches M200.
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Relaxing Th(DB): null values

I Replace i’th occurrence of NULL with new constant symbol ni .
I Constants of Σ can now be split out in two classes:

I the set S of identifiers: constants with fixed identity.
I the set n1, . . . , nl of null-constants with unknown identity.

I Th(DB) is adapted as follows:
I UNA(S) : (recall S contains only identifiers);

I E.g., UNA(S) does not contain ¬Ray = n2 or ¬n1 = n2.
I Comp(P) for each predicate P ∈ Σ: these formulas remain as

before but now contain null-constants.

(∀x∀y(Instructor(x , y)⇔ (x = Ray ∧ y = n1)
∨ · · · ∨
(x = Pat ∧ y = CS238))

Th(DB) entails that Ray teaches some course n1 and that
some person n2 teaches M200. We do not know the identity
of these.
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I In FO, we can impose additional constraints on n1 and n2:
I E.g., n1 6= n2, or
I E.g., n1 = CS230 ∨ n1 = CS238

I Null-values complicate query answering.
I E.g. who teaches M200?
I Ray, Hec, Sue, . . . are possible answers. There is no certain

answer.
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In the database world, several different types of null values have
been considered.

I null values to denote objects of unknown identity (as seen);

I null values to denote that a row attribute is non-existing.

I . . .

Logically these are quite different sorts of null values.

236 / 259



Short history
First-order Logic (FO)

Symbols, values and structures
Formal syntax
Formal semantics
Informal semantics
Derived semantical concepts
Small examples
Isomorphic structures
Pragmatics of using FO for KR

Extensions of classical logic
Extending FO with Types
Second and higher order logic
Adding aggregates
Adding definitions to FO
Relation to Prolog

Axiomatizing some structures
Expressing databases
Peano arithmetic
Generalizing UNA and DCA

237 / 259



The Peano axioms of natural numbers

I The structure of the natural numbers is a fundamental
concept in mathematics and formal sciences.
I It is used in the next chapter, for modelling the time.

I The structure N for Σ = {0, S/1 :,+/2 :,×/2 :}.
I DN is the set of natural numbers
I 0N = 0 ∈ N:

I The first 0 is a symbol (a numeral), the second is the natural
number.

I SN : N→ N : n→ n + 1: called the successor function.
I +N,×N: sum and product functions in N

I Formalizing N: can we build a theory Th(N) such that its
unique model is N?
I More exactly, such that all its models are isomorphic to N?

I This was studied by Giuseppe Peano, Italian mathematician,
“Arithmetices principia, nova methodo exposita”, 1889.
I The Peano axioms (PA)
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The goal is similar as the goal of axiomatizing a database by
Th(DB).

I The theory has a similar structure as Th(DB). It consists of
axioms expressing UNA, DCA and definitions of + and ×.

I The challenge is that N is infinite. Can one build a finite
theory in FO?

Notational convention:

I the terms 0,S(0),S(S(0)), . . . will be abbreviated as
S0(0), S1(0), S2(0), . . . ,Sn(0), . . . ;

I Sn(0) is a term; its value (Sn(0))N is n.
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The Peano axioms of natural numbers

I ∀n(¬0 = S(n))
∀n∀m(S(n) = S(m)⇒ n = m)
I They express UNA({0,S}): infinitely many disequalities
¬(Sn(0) = Sm(0)), n 6= m represented finitely.

I ∀n(0 + n = n)
∀n∀m(S(n) + m = S(n + m))
I Definition of +: infinitely many axioms

Sn(0) + Sm(0) = Sn+m(0) for all n,m ∈ N represented finitely.

I ∀n(0× n = 0)
∀n∀m(S(n)×m = m + (n ×m))
I Definition of ×: infinitely many axioms

Sn(0)× Sm(0) = Sn×m(0) represented finitely.
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The Peano axioms of natural numbers

I What remains to be expressed is that every element in the
domain is represented by one of the terms
0, S(0),S(S(0)), . . . ,Sn(0), . . . .

I Intuitively, expressed as an infinite “formula”:

∀x(x = 0 ∨ x = S(0) ∨ x = S(S(0)) ∨ . . . )

That is not a formula.

I This corresponds to the domain closure axiom as seen in
Th(DB). It is to represent the domain closure for the set of
terms of the vocabulary {0,S}.

I How to represent domain closure as an axiom?
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Expressing domain closure for {0,S}
I Idea: the set of natural numbers is the set of objects reachable

from 0 through application of the successor function.
I The mathematical way for expressing this:

Definition
The set of natural numbers is defined inductively:
- 0 is a natural number.
- if n is a natural number then the successor of n is a natural
number.

I Following earlier terminology, the set of natural numbers is the
reachability set of 0 in the (graph of the) successor function.

I This is one of the prototypical inductive definitions.
I It is one of these definitions that cannot be expressed in FO

but can in SO and in languages with inductive definitions
including FO(ID). 242 / 259



Two {0,S}-structures A1,A2 in graphical form: red arrow specifies
0A, black arrows specify SA.

a

b

c

d

D
S

S
S

S

0 

a

b

c

D
S

S
S

0 

I In both, the set {0A, (S(0))A, (S2(0))A, (S3(0))A, . . . } is the
set {a, b, c}.

I It is the reachability set of 0A in SA.
I A1 does not satisfy domain closure because of d .
I A2 satisfies the domain closure.

A2 does not satisfy UNA({0,S}). In particular, the following
instance of the first UNA-axiom is not satisfied:

A2[n : c] 6|= ¬(0 = S(n))
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Homework 41: In which is the domain closure satisfied? In which
of these UNA is satisfied? What UNA-instances are violated?

0 S

S

S

S S

S

0 S
SS

S S

S

S

S

0

S S

...
SSS

S S S S S S

... ...
0

...
S S S S S

�
�
�
�

0

S S

...
SSS

S

S S S S S S

... ...

S S S S S S

... ...

0

(Some domains are infinite, unbounded at the right and/or
unbounded at the left.)
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The only topology that satisfies both domain closure and UNA is:

0

S S

...
SSS
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Expressing domain closure in SO

Peano expressed domain closure through a sentence of second
order logic:

∀N(N(0) ∧ ∀x(N(x)⇒ N(S(x)))⇒ ∀xN(x))

“Each set containing 0 and closed under taking successor contains
all domain elements”

This SO axiom is called Peano’s induction axiom.
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Expressing domain closure in FO(ID)

Using an auxiliary symbol N/1, we can represent the induction
axiom as the following FO(ID) theory:{

N(0)←
∀n(N(S(n))← N(n))

}
∀nN(n)

The theory expresses:

I N is defined as the reachability set of 0 in S .

I N contains all elements of the domain.

Together, it is stated here that the domain is the reachability set of
0 in S .
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Peano’s set of 6 FO axioms extended with his SO induction axiom
is called

Peano’s arithmetic with SO induction axiom

We denote it Th(N).

Theorem
A structure A is a model of Th(N) iff A is isomorphic to N.

Th(N) is a categorical theory.

Corollary: N |= ϕ iff Th(N) |= ϕ.
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The FO induction schema

Definition
The induction schema (over Σ) is the countably infinite set of
formulas of the form:

∀ȳ(ϕ[0, ȳ ] ∧ ∀x(ϕ[x , ȳ ]⇒ ϕ[S(x), ȳ ]))⇒ ∀xϕ[x , ȳ ])

where ϕ[x , ȳ ] is an arbitrary FO formula (over Σ) with free
variables x , ȳ where ȳ is a tuple of variables.

Idea: it expresses the same idea as the SO induction axiom, but
only for subsets of the domain that can be expressed by formulas.
Since not all subsets can be expressed by formulas, this is strictly
weaker.
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The countably infinite FO theory consisting of the original 6
axioms augmented with the induction schema is called Peano
arithmetic with induction schema.
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Homework 42: Use a cardinality argument to show that not all
subsets of N can be expressed by formulas.
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Peano arithmetic is an approximation of N

I All sentences of Peano arithmetic with schema are true in the
natural numbers.

I But, this theory has non-standard models that are not
isomorphic to N and in which domain closure is not satisfied.

I Nevertheless, most properties of interest in the natural
numbers can be proven from Peano arithmetic with the
schema.
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Unique Name Axioms in FO(Types)

Given a finite set τ of function symbols with result type t.

Definition
UNA(τ) is the theory:

∀x̄∀ȳ(F (x̄) 6= G (ȳ))
∀x̄∀ȳ(F (x̄) = F (ȳ)⇒ x̄ = ȳ)

for all function (and constant) symbols F ,G ∈ τ .

Special cases seen before are for τ = {0, S} and for τ the set of
symbols in a database structure.

254 / 259



Homework 43: Define UNA(τ) for
τ = {Nil : list,Cons : A× list → list}. Here list the type of lists
over A. This axiom expresses that different lists are different.
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(Typed) Domain Closure

Given a finite set τ of function symbols with result type t.

I The (informal) domain closure for τ is the (informal)
proposition that every element of type t is represented by a
term over τ .

I The (informal) domain closure can be expressed for t in SO
or, using auxiliary symbol, in FO(ID), leading to a generalized
induction axiom.

I A special case seen before was for t = {0,S/1 :}.
I In the sequel, we will refer to the informal proposition by
DCA(τ).
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Homework 44: Express DCA(τ) for
τ = {Nil : list,Cons : A× list → list}.
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I Recall that for τ = {c1, . . . , cn} a finite set of constants,
DCA(τ) can be expressed in FO by: ∀x(x = c1 ∨ · · · ∨ x = cn).

I If τ contains zero constants, there are no terms over τ . Then
DCA(τ) expresses that there are no objects in the domain.
This axiom is unsatisfiable in FO and in FO(Types): the
domain of a structure or the value of a type in a structure is
non-empty.
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I In logic and functional programming languages, the implicit
assumption is that UNA+DCA hold for the set of all base
function symbols, those that are not defined.
I This is why in these languages the domain of a program is

fixed.

I In contrast, in FO it needs to be expressed. In the ProB
language seen later in the course, UNA and DCA need to be
expressed.

I In IDP, there is the “constructed by” construct which
expresses UNA+DCA.
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